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Abstract

In this paper we study the Rota-Baxter operator P on the algebra
t(n, F) of upper triangular matrices. By the associative algebra t(n, F'),
the Rota-Baxter operator P on t(n, F'), and linear function f, we obatin
3-Lie algebra (t(n, F),[,,]t,p)-
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1 Introduction

Rota-Baxter Lie algebras [1] are closely related to pre-Lie algebras and post-
Lie algebras. Rota-Baxter algebras have played an important role in the Hopf
algebra approach of renormalization of perturbative quantum field theory of
Connes and Kreimer (see [2-4]), as well as in the application of the renormal-
ization method in solving divergent problems in number theory. In this paper
we first discuss the Rota-Baxter operators on the algebra t(n, F') of upper tri-
angular matrices. By the associative algebra t(n, F'), the Rota-Baxter operator
P on t(n, F'), and linear function f, we construct 3-Lie algebras [5], and study
their structures.
An associative algebra is a vector space L over a field F' endowed with
a binary-linear operation o : L x L. — L satisfying the associative law: for
1, %o, 23 € L
(r10my) 0 x3 =11 0 (13 0 23). (1)
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Let (L, o) be an associative algebra, P : L x L. — L be a linear mapping.
If P satisfies for x1,29 € L

P(x1) o R(x9) = P(P (1) 0 xa + o1 0 P(x9) + Axq 0 13), (2)

then P is called a Rota-Bazter operator of weight A, where \ is some element
of F, and (L, o, P) is called a Rota-Bazter associative algebra of weight .

A 3-Lie algebra is a vector space L over a field F endowed with a 3-ary
multi-linear skew-symmetric operation [z1, xq, x3] satisfying the 3-Jacobi iden-
tity

3

[[zla 1'2,1'3], y2>y3] = Z[zla Ty [xi>y2, y3]7 Ty 1'3], \V/l'l, T, T3 € L. (3)
=1

Lemma 1.1 ¥ Let (L,[,]) be a Lie algebra, f € L* satisfying f([x,y]) =0
for every x,y € L. Then L is a 3-Lie algebra in the multiplication

[z, y, 2]y = f(@)y, 2] + f(y) [z, 2] + f(2)[z,y], Va,y,z € L.

2 Rota-Baxter operators on t(n, F)

Lemma 2.1 Let (A, o, P) be a Rota-Bazter associative algebra of weight \.
Then (A, *) is a associative algebra, where

rxy=Px)oy+xoP(y)+ oy, Vr,yc A (4)

Proof By Eq.(2) and Eq. (4)

(wxy)xz=(Plx)oy+zoP(y)+Aroy)xz

= P(P(z)oy+zoP(y)+Aroy))oz+(P(z)oy+zoP(y)+Aroy)oP(z)
FA(P(z)oy+aoPy)+Avoy)oz

= (P(z)o P(y))oz+ (P(x)oy+zoPy)+Azoy)o P(z)
FA(P(z)oy+ w0 Ply)+ Azoy) oz

=P(x)o(P(y)oz+yoP(z)+ A yoz)+zo(P(y)o P(2)))
+Azo(P(y)oz+yoP(z)+Ayoz)=x*(y*2).

The proof is completed.

Lemma 2.2 Let (A, o, P) be a Rota-Bazter associative algebra of weight \.
Then (A,[,], P) is a Rota-Bazter Lie algebra of weight A\, where

[2,y] = P(z)oy+xoP(y)+Avoy—P(y)ox—yoP(x)—Ayox, Vr,y € A. (5)
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Proof By Lemma 2.1, A is a Lie algebra in the multiplication
[z,y] = xxy—y*x = P(x)oy+xzoP(y)+ \xoy—P(y)ox+yoP(zx)+Ayox.
Now we prove that P is a Rota-Baxter operator of Lie algebra (A, [,]). By
Lemma 2.1 and Eq. (5),
[P(x), P(y)] = P(x)  P(y) — P(y) * P(x)
= P*(z) o P(y) + P(x) o P*(y) + AP(z) o P(y) — P*(y) o P(x)
—P(y) o P*(x) = AP(y) o P(x)
= P(P*(z)oy+ P(x)oP(y) + AP(x)oy+ P(x) o P(y) +x 0 P(y) + Az o P(y))
—P(P*(y)ox—Py)oP(x) = AP(y)ox — P(y) o P(x) —y o P*(z) — Ay o P(x))
+AP(P(x)oy+xzoPly)+  voy— P(y)ox —yo P(x) — A\yox).
= P([P(x),y] + [z, P(y)] + Alz,y]). It follows the result.

Now let ¢(n, F') be the associative algebra constructed by (n x n)-order
upper triangular matrices. Then t(n, F') has a basis {e;;|1 < i < j < n}, and
the multiplication of t(n, F') is

eijekl:(sjkeila 1§z§j§n,1§k§l§n
For a linear mapping P : t(n, F') — t(n, F'), suppose

Pleg)= > adew, a € F1<i<j<n. (6)
1<k<I<n

Theorem 2.3 Let t(n, F') be the associative algebra constructed by (n xn)-
order upper triangular matrices. A linear mapping P : t(n,F) — t(n, F)
defined as Eq.(6) is a Rota-Baxter operator of weight A on t(n, F') if and only
if P satisfies, for every1 <i<j<m,1<s<t<n,1<z<y<n,

Yo oaltay = Y alay + Y allail 4+ Mj.all. (7)

r<u<ly 1<u<s j<w<n

Proof For arbitrary basic vectors e;;, e, since
P(eij)P(est) = ( E a'z'mjue:cu)( Z ag{?&»y) = Z a'mua'uiyexw
1<zx<u<n

1<r<y<n 1<z<u<y<n
P(P(eij)est + ewP(est) + Xejjest)
= P( E CL euvest + 6@] Z a’s";”em + >\(5js€it>
<v

<n 1<r<w<n

1<u
- ( Z a?]seut“' Z a’st ezw)+)\5jsp(eit)

j<wn

- Z (Y aal+ S allap)es, +M Y aifes

1<x<y<n 1<u<s J<w<n 1<z<y<n
_ zy Iy
= X [ X afai+ X ay o T Ajsai] €y
1<x<y<n 1<u<s j<w<n
Summarizing above discussion, we obtain Eq. (7). It follows the result.
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Theorem 2.4 Let t(n, F') be the set of all (n X n)-upper triangular matri-
ces over F, and {e;;|]1 < i < j < n} be a basis of t(n, F). A linear map-
ping P : t(n, F) — t(n,F), Pley) = X a;; esy satisfies Eq.(7), then

1<z<y<n
(t(n, F),[,], P) is a Rota-Baxter Lie algebra of weight A\, where

[62‘]‘, ekl] Z CL eml + Z akl Ciy + A(éjkell - 5Zkel]>

J<y<n
Y afies;— Y alfer,V1<i<j<n1<k<l<n
1<z<i k<y<n

Proof By Lemma 2.2 and Theorem 2.3, (t(n, F'),[,], P) is a Rota Baxter-
Lie algebra. Thanks to Eq.(5), for every 1 <i < j<n,1 <k <I[l<n,

leij, ent) = P(eij)ew + e P(ew) + Aeijer — Plew)ei; — e P(eij) — Aegeij

— Yy Ty
= > ;5 CayClrl + €ij > ay €ry + >\(5jkeil — 5z‘k€lj)

1<a<y<n 1<a<y<n
zy zy
— X Qglpy€ij — €l Y. G eny
1<z<y<n 1<z<y<n
= > af exl + Z akl eiy + A(djrei — direr;)
1<z<k 1<y<n

Tl ky
— > agezi — > A Chy-
1<z<i k<y<n

It follows the result.

Theorem 2.5 Lett(n, F') be the set of all (n xn)-upper triangular matrices
over F', and {e;j|1 <i < j < n} be a basis of t(n, F'). A linear mapping P :
t(n, F) — t(n, F), Pleij) = X a;)eqy satisfies Bq.(7). If linear function

1<z<y<n

fitn, F) = F, f(e;j) = Bij satisfies V1 <i<j<n,1<k<I[<n,

Z a;, ﬁxz + Z @l Biy + MO Bi — oinBij) — Z ay) Bej Z aif Bry = (8)

y=Jj
then (t(n, F),[,,|rpr) is a 3-Lie algebra, where for V1 <i < j <mn,1 <k <
[<n1<s<t<n,

[€if, Eki, €st] £.P

= Bst[E atFe, + > allei, + NOei — dier;) — E afies; — Z affer,]
J =1 J

y=j y=k

a?fexl E:Sazgesy]

NgES

+0[ 3 aften + ¥ adery + Mowew — Grsen) -
xr= y=

Il
—

T

+ﬁkl[z astewj + Z CL esy + >\(5t265j Slejt) Z_: a'jsemt Z a tezy]
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Proof By Theorem 2.4, for f : t(n,F) = F, f(e;;) = Bi;, V1 <i < j <
n,1 <k <[l <n,satisfies f([e;j, ers]) = 0 if and only if f satisfies

k n . i .
O = f( 21 afjkeml + Z a{f{eiy —+ A(éjkeil — 5ikelj) — 21 ai}emj —

Qg; €ky) =
y=k

Zﬂﬁ(%ﬂ+Z@W@M+M@Mr@M@m%—aﬁﬁ@m—iyﬁﬂ%ﬂ
= y=y = Y=

we obtain Eq.(8). Again by Lemma 1.1, [,,]sp is a 3-ary Lie product on
t(n, F'). The proof is completed.

For the case A = 0, and n = 2. For any Rota-Baxter operator P on
t(2,F), we have 3 aff'ay = ¥ affay) + X ay’ag,, for 1 <i<j <2,
z<u<y 1<u<s J<w<2
I1<s<t<2, 1<x<y<2
Then the linear mapping P on ¢(2, F') is a Rota-Baxter operator on the
associative algebra t(2, F') if and only if P satisfies the following identities:

22 11 __ 22 11 __ 22 11 __ 22 11 __ 11,11 11,11 _
ayjap =0, ajza;; =0, ajjay =0, aj3a:5 = 0,ap7a1; + ajpa;; =0,

altat + alfal} = 0. afhel + = 0.l + aBa =,

alfatl + ol + affal} =0, e} + aed =0,

alfat = allalt + alfal. o} = 2alta + affal

ol — ajalf = 0,alfalf + affe} = alfal} + affelf + afhalt + alfal
alfad + affaf} + affal} = 0, alfa} = affalt + alfal

abal = alhals + Bl + Ball, alhal = alfals + affal

ool = affal} + 2a8alt, ool = affalf + B

Therefore, P(e11) = €12, P(e12) = 0, P(ea2) = e1; is a Rota-Baxter operator
of the algebra t(2, F'). By Lemma 2.2, we obtain Lie algebra (t(n, F'), [, ]), where

le11, e12] = P(ein)ers — Plez)enn =0,

[6117 622] = P(€11)€22 - P(€22)€11 = €12€22 — €11€11 = €12 — €11,

[612, 622] = P(612)€22 - P(€22)€12 = —€11€12 = —€12.

For every f : t(2,F) — F satisfies f([e,e¢'] = 0) for e,e’ € t(n,F), by
Theorem 2.5 the 3-Lie algebra (¢(2, F),[,,]s,p) is abelian.

ACKNOWLEDGEMENT. This research is supported by NSF of China
(11371245).
References

[1] L. Guo, What is a Rota-Baxter algebra, Notices Amer. Math. Soc., 2009,
56, 1436C1437.



244 Bai Ruipu, Li Qiyong
[2] A. CONNES, D. KREIMER, Hopf algebras, renormalisation and noncom-
mutative geometry, Commun. Math. Phys., 199, 203C242 (1998).

3] K. EBRAHIMI-FARD, L. GUO, and D. KREIMER, Spitzers identity
and the algebraic Birkhoff decomposition in pQFT, J. Phys., A2004, 37,
11037C11052.

[4] K. ERAHIMI-FARD, L. GUO, and D. MANCHON, Birkhoff type decom-
positions and the Baker-Campbell-Hausdorff recursion, Commun. Math.
Phys., 2006, 267, 821C845.

[5] V. FILIPPOV, n-Lie algebras, Sib. Mat. Zh., 1985, 26 (6), 126-140.

6] R. BAI, C. BAI and J. WANG, Realizations of 3-Lie algebras, J. Math.
Phys., 51, 063505 (2010). 475206.

Received: March, 2014



