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Abstract

In this paper we study the Rota-Baxter operator P on the algebra
t(n, F ) of upper triangular matrices. By the associative algebra t(n, F ),
the Rota-Baxter operator P on t(n, F ), and linear function f , we obatin
3-Lie algebra (t(n, F ), [, , ]f,P ).
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1 Introduction

Rota-Baxter Lie algebras [1] are closely related to pre-Lie algebras and post-
Lie algebras. Rota-Baxter algebras have played an important role in the Hopf
algebra approach of renormalization of perturbative quantum field theory of
Connes and Kreimer (see [2-4]), as well as in the application of the renormal-
ization method in solving divergent problems in number theory. In this paper
we first discuss the Rota-Baxter operators on the algebra t(n, F ) of upper tri-
angular matrices. By the associative algebra t(n, F ), the Rota-Baxter operator
P on t(n, F ), and linear function f , we construct 3-Lie algebras [5], and study
their structures.

An associative algebra is a vector space L over a field F endowed with
a binary-linear operation ◦ : L × L → L satisfying the associative law: for
x1, x2, x3 ∈ L

(x1 ◦ x2) ◦ x3 = x1 ◦ (x2 ◦ x3). (1)
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Let (L, ◦) be an associative algebra, P : L × L → L be a linear mapping.
If P satisfies for x1, x2 ∈ L

P (x1) ◦R(x2) = P (P (x1) ◦ x2 + x1 ◦ P (x2) + λx1 ◦ x2), (2)

then P is called a Rota-Baxter operator of weight λ, where λ is some element
of F , and (L, ◦, P ) is called a Rota-Baxter associative algebra of weight λ.

A 3-Lie algebra is a vector space L over a field F endowed with a 3-ary
multi-linear skew-symmetric operation [x1, x2, x3] satisfying the 3-Jacobi iden-
tity

[[x1, x2, x3], y2, y3] =
3∑

i=1

[x1, · · · , [xi, y2, y3], · · · , x3], ∀x1, x2, x3 ∈ L. (3)

Lemma 1.1 [6] Let (L, [, ]) be a Lie algebra, f ∈ L∗ satisfying f([x, y]) = 0
for every x, y ∈ L. Then L is a 3-Lie algebra in the multiplication

[x, y, z]f = f(x)[y, z] + f(y)[z, x] + f(z)[x, y], ∀x, y, z ∈ L.

2 Rota-Baxter operators on t(n, F )

Lemma 2.1 Let (A, ◦, P ) be a Rota-Baxter associative algebra of weight λ.
Then (A, ∗) is a associative algebra, where

x ∗ y = P (x) ◦ y + x ◦ P (y) + λx ◦ y, ∀x, y ∈ A. (4)

Proof By Eq.(2) and Eq. (4)

(x ∗ y) ∗ z = (P (x) ◦ y + x ◦ P (y) + λx ◦ y) ∗ z

= P (P (x) ◦ y+x◦P (y)+λx◦ y)) ◦ z+(P (x) ◦ y+x◦P (y)+λx◦ y) ◦P (z)

+λ(P (x) ◦ y + x ◦ P (y) + λx ◦ y) ◦ z

= (P (x) ◦ P (y)) ◦ z + (P (x) ◦ y + x ◦ P (y) + λx ◦ y) ◦ P (z)

+λ(P (x) ◦ y + x ◦ P (y) + λx ◦ y) ◦ z

= P (x) ◦ (P (y) ◦ z + y ◦ P (z) + λy ◦ z) + x ◦ (P (y) ◦ P (z)))

+λx ◦ (P (y) ◦ z + y ◦ P (z) + λy ◦ z) = x ∗ (y ∗ z).
The proof is completed.

Lemma 2.2 Let (A, ◦, P ) be a Rota-Baxter associative algebra of weight λ.
Then (A, [, ], P ) is a Rota-Baxter Lie algebra of weight λ, where

[x, y] = P (x)◦y+x◦P (y)+λx◦y−P (y)◦x−y◦P (x)−λy◦x, ∀x, y ∈ A. (5)
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Proof By Lemma 2.1, A is a Lie algebra in the multiplication
[x, y] = x∗y−y∗x = P (x)◦y+x◦P (y)+λx◦y−P (y)◦x+y◦P (x)+λy◦x.
Now we prove that P is a Rota-Baxter operator of Lie algebra (A, [, ]). By

Lemma 2.1 and Eq. (5),
[P (x), P (y)] = P (x) ∗ P (y)− P (y) ∗ P (x)

= P 2(x) ◦ P (y) + P (x) ◦ P 2(y) + λP (x) ◦ P (y)− P 2(y) ◦ P (x)

−P (y) ◦ P 2(x)− λP (y) ◦ P (x)

= P (P 2(x) ◦ y+P (x) ◦P (y)+λP (x) ◦ y+P (x) ◦P (y)+x◦P 2(y)+λx◦P (y))

−P (P 2(y) ◦x−P (y) ◦P (x)−λP (y) ◦x−P (y) ◦P (x)− y ◦P 2(x)−λy ◦P (x))

+λP (P (x) ◦ y + x ◦ P (y) + λx ◦ y − P (y) ◦ x− y ◦ P (x)− λy ◦ x).

= P ([P (x), y] + [x, P (y)] + λ[x, y]). It follows the result.

Now let t(n, F ) be the associative algebra constructed by (n × n)-order
upper triangular matrices. Then t(n, F ) has a basis {eij|1 ≤ i ≤ j ≤ n}, and
the multiplication of t(n, F ) is

eijekl = δjkeil, 1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ l ≤ n.

For a linear mapping P : t(n, F ) → t(n, F ), suppose

P (eij) =
∑

1≤k≤l≤n

a
ij
klekl, a

ij
kl ∈ F, 1 ≤ i ≤ j ≤ n. (6)

Theorem 2.3 Let t(n, F ) be the associative algebra constructed by (n×n)-
order upper triangular matrices. A linear mapping P : t(n, F ) → t(n, F )
defined as Eq.(6) is a Rota-Baxter operator of weight λ on t(n, F ) if and only
if P satisfies, for every 1 ≤ i ≤ j ≤ n, 1 ≤ s ≤ t ≤ n, 1 ≤ x ≤ y ≤ n,

∑

x≤u≤y

axuij a
uy
st =

∑

1≤u≤s

ausij a
xy
ut +

∑

j≤w≤n

a
jw
st a

xy
iw + λδjsa

xy
ij . (7)

Proof For arbitrary basic vectors eij, est, since
P (eij)P (est) = (

∑
1≤x≤u≤n

axuij exu)(
∑

1≤r≤y≤n
a
ry
st ery) =

∑
1≤x≤u≤y≤n

axuij a
uy
st exy,

P (P (eij)est + eijP (est) + λeijest)
= P (

∑
1≤u≤v≤n

auvij euvest + eij
∑

1≤r≤w≤n
arwst erw + λδjseit)

= p(
∑

1≤u≤s
ausij eut +

∑
j≤w≤n

a
jw
st eiw) + λδjsP (eit)

=
∑

1≤x≤y≤n
(

∑
1≤u≤s

ausij a
xy
ut +

∑
j≤w≤n

a
jw
st a

xy
iw)exy + λδjs

∑
1≤x≤y≤n

a
xy
ij exy

=
∑

1≤x≤y≤n
[

∑
1≤u≤s

ausij a
xy
ut +

∑
j≤w≤n

a
jw
st a

xy
iw + λδjsa

xy
ij ]exy.

Summarizing above discussion, we obtain Eq. (7). It follows the result.
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Theorem 2.4 Let t(n, F ) be the set of all (n× n)-upper triangular matri-
ces over F , and {eij |1 ≤ i ≤ j ≤ n} be a basis of t(n, F ). A linear map-
ping P : t(n, F ) → t(n, F ), P (eij) =

∑
1≤x≤y≤n

a
xy
ij exy satisfies Eq.(7), then

(t(n, F ), [, ], P ) is a Rota-Baxter Lie algebra of weight λ, where

[eij, ekl] =
∑

1≤x≤k

axkij exl +
∑

j≤y≤n
a
jy
kl eiy + λ(δjkeil − δikelj)

−
∑

1≤x≤i
axiklexj −

∑
k≤y≤n

a
ky
ij eky, ∀1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ l ≤ n.

Proof By Lemma 2.2 and Theorem 2.3, (t(n, F ), [, ], P ) is a Rota Baxter-
Lie algebra. Thanks to Eq.(5), for every 1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ l ≤ n,

[eij , ekl] = P (eij)ekl + eijP (ekl) + λeijekl − P (ekl)eij − eklP (eij)− λekleij

=
∑

1≤x≤y≤n
a
xy
ij exyekl + eij

∑
1≤x≤y≤n

a
xy
kl exy + λ(δjkeil − δikelj)

−
∑

1≤x≤y≤n
a
xy
kl exyeij − ekl

∑
1≤x≤y≤n

a
xy
ij exy

=
∑

1≤x≤k

axkij exl +
∑

j≤y≤n
a
jy
kl eiy + λ(δjkeil − δikelj)

−
∑

1≤x≤i
axiklexj −

∑
k≤y≤n

a
ky
ij eky.

It follows the result.

Theorem 2.5 Let t(n, F ) be the set of all (n×n)-upper triangular matrices
over F , and {eij |1 ≤ i ≤ j ≤ n} be a basis of t(n, F ). A linear mapping P :
t(n, F ) → t(n, F ), P (eij) =

∑
1≤x≤y≤n

a
xy
ij exy satisfies Eq.(7). If linear function

f : t(n, F ) → F, f(eij) = βij satisfies ∀1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ l ≤ n,

k∑

x=1

axkij βxl +
n∑

y=j

a
jy
klβiy + λ(δjkβil − δikβlj)−

i∑

x=1

axiklβxj −
n∑

y=k

a
ky
ij βky = 0, (8)

then (t(n, F ), [, , ]f,P ) is a 3-Lie algebra, where for ∀1 ≤ i ≤ j ≤ n, 1 ≤ k ≤
l ≤ n, 1 ≤ s ≤ t ≤ n,

[eij, ekl, est]f,P

= βst[
k∑

x=1
axkij exl +

n∑
y=j

a
jy
kleiy + λ(δjkeil − δikelj)−

i∑
x=1

axiklexj −
n∑

y=k

a
ky
ij eky]

+βij [
s∑

x=1
axskl ext +

n∑
y=1

a
ly
steky + λ(δlsekt − δksetl)−

k∑
x=1

axkst exl −
n∑

y=s
a
sy
kl esy]

+βkl[
i∑

x=1
axistexj +

n∑
y=t

a
ty
ij esy + λ(δtiesj − δsiejt)−

s∑
x=1

axsij ext −
n∑

y=i
a
iy
steiy].
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Proof By Theorem 2.4, for f : t(n, F ) → F, f(eij) = βij , ∀1 ≤ i ≤ j ≤
n, 1 ≤ k ≤ l ≤ n, satisfies f([eij, ekl]) = 0 if and only if f satisfies

0 = f(
k∑

x=1
axkij exl +

n∑
y=j

a
jy
kleiy + λ(δjkeil − δikelj) −

i∑
x=1

axiklexj −
n∑

y=k

a
ky
ij eky) =

k∑
x=1

axkij f(exl)+
n∑

y=j
a
jy
klf(eiy)+λ(δjkeil−δikf(elj)) −

i∑
x=1

axiklf(exj)−
n∑

y=k

a
ky
ij f(eky)

we obtain Eq.(8). Again by Lemma 1.1, [, , ]f,P is a 3-ary Lie product on
t(n, F ). The proof is completed.

For the case λ = 0, and n = 2. For any Rota-Baxter operator P on
t(2, F ), we have

∑
x≤u≤y

axuij a
uy
st =

∑
1≤u≤s

ausij a
xy
ut +

∑
j≤w≤2

a
jw
st a

xy
iw, for 1 ≤ i ≤ j ≤ 2,

1 ≤ s ≤ t ≤ 2, 1 ≤ x ≤ y ≤ 2.

Then the linear mapping P on t(2, F ) is a Rota-Baxter operator on the
associative algebra t(2, F ) if and only if P satisfies the following identities:

a2211a
11
12 = 0, a2212a

11
12 = 0, a2211a

11
22 = 0, a2212a

11
22 = 0, a1111a

11
11 + a1112a

11
12 = 0,

a1111a
11
12 + a1212a

11
12 = 0, a1112a

22
11 + a1212a

22
12 = 0, a1212a

22
12 + a2212a

22
22 = 0,

a1211a
11
12 + a2211a

11
22 + a1222a

11
12 = 0, a1222a

22
12 + a2222a

22
22 = 0,

a1211a
22
11 = a1111a

12
11 + a1211a

12
12, a

22
11a

22
11 = 2a1111a

22
11 + a2212a

12
11,

a1222a
22
11 − a2222a

12
22 = 0, a1111a

12
22 + a1211a

22
22 = a1211a

12
12 + a2211a

12
22 + a1122a

12
11 + a1222a

12
12,

a1211a
22
12 + a1122a

22
11 + a1222a

22
12 = 0, a1211a

22
12 = a1112a

12
11 + a1212a

12
12,

a1112a
11
22 = a1112a

12
12 + a2212a

11
22 + a2222a

11
12, a1112a

12
22 = a1212a

12
12 + a2212a

12
22,

a1122a
11
22 = a1222a

11
12 + 2a2222a

11
22, a1122a

12
22 = a1222a

12
12 + a2211a

12
22.

Therefore, P (e11) = e12, P (e12) = 0, P (e22) = e11 is a Rota-Baxter operator
of the algebra t(2, F ). By Lemma 2.2, we obtain Lie algebra (t(n, F ), [, ]), where

[e11, e12] = P (e11)e12 − P (e12)e11 = 0,

[e11, e22] = P (e11)e22 − P (e22)e11 = e12e22 − e11e11 = e12 − e11,

[e12, e22] = P (e12)e22 − P (e22)e12 = −e11e12 = −e12.

For every f : t(2, F ) → F satisfies f([e, e′] = 0) for e, e′ ∈ t(n, F ), by
Theorem 2.5 the 3-Lie algebra (t(2, F ), [, , ]f,P ) is abelian.
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