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Abstract

One of the important problems in probability theory is finding the
distribution of the time of the sojourn of a system (a process) within a
specified band. With this purpose, we will investigate the semi-Markov
random processes with positive tendency, negative jumps and delaying
boundary at zero in this article.The Laplace transformation of the
distribution of the time of the system sojourn within a given band found.
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1 Introduction

Many researchers have been engaged in solving this kind of problems. In [4] a
stepped jump process of a semi-Markov walk with two delay screens at zero and
at a is constructed. The Laplace transformation of the distribution of the time of
the system sojourn within a given band and its first and second moments are
found. The Laplace transformation of the distribution of the duration of the
sojourn of a process with independent increments within a given band was found
in [3]. The distribution of the duration of the sojourn of a random walk with a
discrete distribution within a given band was found in [1]. An asymptotic
expansion of the distribution of the duration of a sojourn of a random walk with
normal distribution within a given band was found in [6].

2 Problem statement

Let's assume that in probability space {Q,F,P(-)} is given the sequence of
independent, equally distributed and independent themselves positive random
variables&, and ¢&,, k =l,_oo. Using these random variables we will derive the
following semi-Markov random process:

xl(t)=z+t—§§i o if f;i £t<zk:§i, k=1,

X1() is called semi-Markov random processes with positive tendency and
negative jumps.

General form of process semi-Markov random walk with delaying boundary
is given by A.A.Borovkov [2].

If process X, (t) is some process without boundary, then process X (t) with
delaying boundary at zero is defined following:

X (t) =X, (t) —Oinsft (0,X,(s)) or X(t)=X,(t)—min (0, insf<t X, (9)).

Idea of construction of the process semi-Markov random walk is following:

Let X,(0)=z>0. Process X(t) is equally to process X,(t) until, the
process X, (t) is positive.

Let X,(t) <0; then X(t) is equally to zero until, the process X, (t) will not
have positive jump. In moment of jump of the process X, (t), process X (t) will be

have jump, such is equally to jump of the process X, (t).

The obtained process is called a process of a semi-Markov random walk
with positive tendency, negative jumps and delaying boundary at zero.

Introduce a random variable z denoting the duration of the sojourn of the
process X (t) within a band (a,b), where b<a,a>0,b>0.
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0<s<t

The aim of the present study was to find an explicit form of the Laplace
transformation of the conditional distributions of the random variablez .

Plc>t|X(0,0)=2}= P{sup X(s) <a; inf, X(s) > b [ X(0) = z}.

o<s<t

{r<t}= {supx (s) <a, inf X(s) > b}

We denote

K(t,a,b|z)= P{sup X(s) < a;oinft X(s) >b | X(0) = z},z >0,

0<s<

K(0,a,b|z)= je-ﬁK(t,a,b| z)dt, 6>0.
t=0

3 Main Results

Theorem. It holds

K(6,a,b|z) = Ie"” P{& >thdt+
t=0

+ [ K@.a,bly) j'e““ d, P{& <tjd, P{¢ <z+t—yj+
=b t=0

y
+ [ K@.ably) [ d Pl <tid, Pl¢, <z+t-y}
y=1 t=y-z

Proof. By the formula of the composite probability, we have

K(t,a,b|z)= P{oips]:t X(s) >b;sup X(s) <a; & >t | X(0) = z}+

0<s<

+ P{oLm:t X(s) >b;sup X(s) <a; & <t |X(0) = z} =P{z+t<alP{E >t}+

0<s<

t a
+_[ J‘P{gﬁeds;z+s<a;z+s-§1>b;z+s-§1edy}x

s=0 y=b
x P{O inf X(u)>b; sup X(u)>a|X(0)= Y}-
<us<t-s 0<u<t-s

Thus we have
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K(t,a,b|z)=Pit<a—-z |P{& >t}+

o] [Pl cdsiplzes<ald,Plb<zes-g <y xK(t-sab| X(©) = y). O

s=0 y=b
Obviously
Plo<z+s—¢, <y}=Po-z-s<-¢, <y-z-s}=P{z+s-b>¢ >z+s-y}=
=P{z+s-y<¢, <z+s-b}=P{, <z+s-b}-P{{, <z+s-V}.
If we apply the Laplace transformation with respect to t to the both hand
sides of equation (1) we’ll get the following integral equation

R(0,a,012)= [t Ple, >tdt+

t=0

+ j K(6,a,b| y)TeHt Piz+t<ajd, P{& <tld Plz+t-¢, <y}=

y=b t=0

= je-m P{s > tldt+ [ K(0,ab]y) je-“ d, P{¢& <t}d, P{¢, >z +t—y }
t=0 y=b t=0
Itisevident z+t—-y>0=>t>y-z.
Then we have

K(0,a,b|z) = Te-“ P{& > thdt+

t=0

+ [R@ably) [ed Ple<thd, Pl >z+t-y )
y=b t=max(Q,y-z)
If take into account

0, if Z,
max{O,y—z}z{ bYs
y-z, Iif y>z,
that is, why we get an integral equation for K(6,a,b|z2)

K(@.abl2)= [e” Pl& >t}dt+
t=0

+ K(@,a,bly)je’“ d, P{g <tid, P{¢ <z+t—y}+ )
=h t=0

y

+ j K(0,a,b|y) Ie’et d, P{& <td, P{¢ <z+t—vy}
y=2 t=y-z
Theorem is proofed.
This integral equation can be solved by the method of successive
approximations, yet the resulting solution is unfit for applications. We will solve
this integral equation in special case.

Corollary. In the case where the random variables &, and £, have an exponential
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distribution with the parameters x and A respectively,
Ple(o) <ti=fl-e]e®), u>o0,
{P{a(w) <tj=fl—e?]e(t), 1>0,
where

0,

equation (2) will be as follows:
- 1_ e—(/1+€)(a—z)
K,a,b|z)=———
A+6

o(t) = {i) t<0,

- g0 [ R(0,,b] y)dy+
A+u+6 y=b

(3)

f M g [ K@.ably)dy+
A+u+6 y2b

b M g [e =" K(0,a,b]y)dy.
A+pu+0 it

We will get differential equation from this integral equation. For this

purpose, we will multiply both sides of equation (3) by e“*and derive on z. Then

we will multiply both sides of last equation by e and derive on z . Then we
have following differential equation:

K"(6,a,b|z)- (12— u+6) K'(6,a,b|z)- u6K(6,a,b|z) = 4. (4)
The general solution of this differential equation will be
K(6,a,blz) =c,(0)“"" +c,(0)“""" +K,, (0,a,bz), (5)

where k;(6), i =1,2 -are the roots of characteristic equation of (4)
k?(0)-(A—pu+6k(@)-6u=0

Rsp (8, a,b|Z) = —m.

Ksp (6,a,b|z) is the special solution of the equation (4).
Then the general solution of this differential equation will be

K(6,a,b|z) =c,(0)" +c (k- H  _
D)= 0R " e, O

—c (0" 1, (0) " +% .

By finding ¢,(0) and c,(6) from equation (2) we will get the following system
of algebraic equations:

(6)
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) l_e—(ﬂ+6)a ﬂ,,u

2 _ _ —(a+ +6’)aa 2
K(6,a,b0)= P /1+ﬂ+9e “ je”yK(H,a,b|y)dy+

Au
ﬂ+y+t9 Ie”yK(H a,bly)dy +

A+0
mw [e R (o.a,bly), ™

1K (6,a,b0)+ K'(6,a, b|0)_T9—/1,ue Frusd)a je”K 0,a,bly)dy +

y=b

+Au 'a[e‘(w)y K(e, a, b|y)dy.

y=0
By exploitation of equation (6), equation (7) becomes
1 1_ e—(/1+9)a

C1(9)+Cz(9)+5:W—
AR G | yy{ 24O 4 ¢ (9O l}d
/1+ﬂ+6e y{be ¢, (0" +c,(0)e oy
/1# p ,uy|: kq ( ky ( :l
9)ek 17 d
+ﬂ+ﬂ+9yjbe c (0 1, (0" y+

a

Au I ~(2+0)y [ ()ek y+cz( )ekz W= }dy,

+
A+pu+6 2

(8)

ﬂ[cl<e>+c2<e>+§}+[cl<e>kl<e>+cz<e>kz<e>]= ‘-

A+0

a

_;t‘ue—(mma)a J‘ e#y{ ( )eh Ve (9)6k :ldy+

y=b

] e o 0RO 0+ 2y

y=0

Now we proof linear dependence of this algebraic system.
If to consider the following substitutions:

A+0-k (0)=u+Kk,(60)
[:u + k1 (9)][/1 + kz (9)] =
[2+6 -k, (O)]u+k,(0)]=

equation (8) becomes:
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2
z [(/1 + U+ g)e’(/‘i*‘g’ki(g))a _ (,U + ki (9))9—(1+ﬂ+9)ae(ﬂ+ki(9))b + (,U + ki (9))e(ﬂ+ki(6’))b]x
i=1

xC.(0) = — A(A+u+06) o-(i0)a +ief(/1+/l+€)ae‘ub _ie,ub
' (1 +6) 0 o
9)
2
z [(ﬂ U+ g)ef(i+97ki(9))a _ (,U + ki (0))6*(1+ﬂ+9)ae(ﬂ+ki(‘9))b + (,U + ki (9))6(#+ki(9))b]x
i=1
% C (0) —_ ﬂ'(ﬂ’ + H + 0) e—(lw)a +£e—(l+,u+0)aeyb _ie,ub.
' O(A+6) 0 0
Thus, (9) is a linear dependence equations system, as
C2 (‘9) =0
Then we have
A
C.(0)= X
() (1 +6) (10)
—(A+ u+0)eH? L (L +G)eHD% P _ (1 4 Q)e””
% I.(j’ o+ g)e’(ﬂ'JrH’ki(H))a —(u+k (9))e—(i+u+0)ae(/t+ki @b (u+k, (9))e(ﬂ+ki(9))bJ '
Then the general solution of differential equation (4) will be as follows
_ ki (6)z
K(6,a,b2) =%+:’i—0x
(4+06) (11)

y —(A+ pu+0)e N L (L4 Q) %k _ (1 4+ 9)et?

|_(ﬂ, + ,u + e)e—(/l+n9—kl(6‘))a _ (,u + ki (9))e—(l+/4+¢9)ae(y+kl(6‘))[] + (/U + ki (0))e(,u+k|(n9))bJ'
This expression is the Laplace transform of the distribution of the duration of the
sojourn of a system within a band.

CONCLUSIONS

In the present study, the explicit form of the Laplace transformation of the
distribution of the duration oft he sojourn of a system within a band was found.
The results of the paper may be used in the store control problems with two
level’s for finding conditional, unconditional distributions of the resource.
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