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ABSTRACT 

The aim of this paper is to give recursive and integral equations for ruin probabilities of 

generalized risk processes under interest force with homogenous Markov chain claims. 

Generalized Lundberg inequalities for ruin probabilities of these processes are derived by 

using recursive technique. We first give recursive equations for finite – time probability 

and an integral equation for ultimate ruin probability in Theorem 2.1 and Theorem 2.2. 

Using these equations, we can derive probability inequalities for finite – time probabilities 

and ultimate ruin probability in Theorem 3.1 and Theorem 3.2. The above results  give 

upper bounds for finite – time probability and ultimate ruin probability.  

KEYWORDS: Integral equation, Recursive equation, Ruin probability, Homogeneous 

Markov chain. 

Mathematics Subject Classifications: 62P05, 60G40, 12E05 

 

1. Introduction 

For over a century, there has been a major interest in actuarial science. Since a large 

portion of the surplus of insurance business from investment income, actuaries have been 

studying ruin problems under risk models with rates of interest. For example, Teugels and 

Sundt (1995,1997) studied the effects of constant rate on the ruin probability under the 

compound Poisson risk model. Yang (1999) established both exponential and non – 

exponential upper bounds for ruin probabilities in a risk model with constant interest force 

and independent premiums and claims. Cai (2002a, 2002b) investigated the ruin 

probabilities in two risk models, with independent premiums and claims and used a first – 

order autoregressive process to model the rates of in interest. Cai and Dickson (2004) 

obtained Lundberg inequalities for ruin probabilities in two discrete- time risk process with 

a Markov chain interest model and independent premiums and claims.  

In this paper, we study the models considered by Cai and Dickson (2004) to the case 

homogenous markov chain claims, independent rates of interest and independent 

premiums. The main difference between the model in our paper and the one in Cai and 
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Dickson (2004) is that claims in our model are assumed to follow homogeneous Markov 

chains.  

In this paper, we study two style of premium collections. On one hand of the premiums are 

collected at the beging of each period then the surplus process  1

1

( )

n n
U


 with initial surplus 

u  can be written as 

 1 1

1 1( ) ( )

n n n n nU U ( I ) X Y    ,       (1) 

  

which can be rearranged as 

 1

11 1

1 1
n nn

( )

n k k k j

kk j k

U u. ( I ) X Y ( I )
  

      .      (2) 

On the other hand, if the premiums are collected at the end of each period, then the surplus 

process  2

1

( )

n n
U


 with initial surplus u  can be written as 

 2 2

1 1( ) ( )

n n n n nU (U X )( I ) Y    ,       (3) 

which is equivalent to 

  2

11 1

1 1 1
n nn

( )

n k k k k j

kk j k

U u. ( I ) X ( I ) Y ( I )
  

       .    

where throughout this paper, we denote 1
b

t

t a

x


  and 0
b

t

t a

x


  if a b . 

We assume that: 

Assumption 1.1 1 2 0( ) ( )

o oU U u   . 

Assumption 1.2  
0n n

X X


  is sequence of independent and identically distributed non – 

negative continuous random variables with the same distribution 

function 0F( x ) P( X x )  . 

Assumption 1.3  
0n n

I I


  is sequence of independent and identically distributed  non – 

negative continuous random variables with the same distribution function 

0G( t ) P( I t )  . 

Assumption 1.4  
0n n

Y Y


  is a homogeneous Markov chain such that for any n , nY  takes  

values in a finite set of non - negative numbers  1 2 ME y ,y ,...,y  with o iY y  and 

1ij m j m i i jp P Y y Y y ,( m N ); y , y E
     
   where 

1

0 1 1
M

ij ij

j

p , p .


    

Assumption 1.5 X ,Y  and I  are assumed to be independent. 

We define the finite time and ultimate ruin probabilities in model (1) with assumption 1.1 

to assumption 1.5, respectively, by 

 
1 1 1

1

0
n

( ) ( ) ( )

n i k o o i

k

( u, y ) P (U ) U u,Y y


 
    

 
 ,     (5) 

 
1 1 1 1

1

0( ) ( ) ( ) ( )

i n i k o o i
n

k

( u, y ) lim ( u, y ) P (U ) U u,Y y 





 
     

 
 .  (6) 

Similarly, we define the finite time and ultimate ruin probabilities in model (3) with 

assumption 1.1 to assumption 1.5, respectively, by 
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2 2 2

1

0
n

( ) ( ) ( )

n i k o o i

k

( u, y ) P (U ) U u,Y y


 
    

 
 ,     (7) 

 2 2 2 2

1

0( ) ( ) ( ) ( )

i n i k o o i
n

k

( u, y ) lim ( u, y ) P (U ) U u,Y y 





 
     

 
 .  (8) 

In this paper, we derive probability inequalities for 1( )

i(u,y ) and 2( )

i(u,y ) . The paper is 

organized as follows: in section 2, we first give recursive equations for 
1( )

n i(u,y ) and 2( )

n i(u,y ) and an integral equation for 1( )

i(u,y ) and 2( )

i(u,y ) . We the 

derive probability inequalities for 1( )

i(u,y ) and 2( )

i(u,y ) in section 3 by an inductive 

approach. Finally, we conclude our paper in Section 4. 

2. Integral Equation for Ruin Probabilities 

We first give a recursive equation for 1( )

n i(u,y )  and an integral equation for 1( )

i(u,y ) . 

Theorem 2.1. If model (1) satisfies the assumptions 1.1 to  1.5 then for n = 1, 2, …   

1 1

1

1 0 0t

M
( ) ( )

n i ij n t j t

j h

( u, y ) p ( x h ,y )dF( x )dG( t ) F( h )dG( t ) 
  





  
   

  
    , (9) 

and 

1 1

1 0 0t

M
( ) ( )

i ij t j t

j h

( u, y ) p ( x h ,y )dF( x )dG( t ) F( h )dG( t ) 
  



  
   

  
    , (10) 

where 1t jh y u( t )   . 

Proof. 

Given 1 jY y E  , from (1), we have 

 1 1

1 1 1 1 1 11 1( ) ( )

o jU U ( I ) X Y u( I ) X y        . 

Let 

   1

1

( )

o o i j jB U u,Y y ,A Y y     ,  

 1 1 1 1(1 )A X Y u I    ,  2 1 1 1(1 )A X Y u I    . 

Thus, we have 

 1

1 10 1( )

jP U B A A   
1

1

1

1

0 1
n

( )

k j

k

P (U ) B A A




 
     

 
 ,  (11) 

and  

 1

1 20 0( )

jP U B A A    .      (12) 

Let      
0 0 0n n nn n n

X , Y , I
  

    be independent copies of  
0n n

X


,  
0n n

Y


,  
0n n

I


 respectively 

with
1 1 1o o j oX X ,Y Y y ,I I .       

Thus, (12) and (2) imply that for 
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1 1
1 1

2 2

1 2

0 0
n n

( ) ( )

k j k j

k k

P (U ) B A A P (U ) B A A
 

 

   
         

   
 

 
1

1 1 2

22 12

1 1 1 0
n k kk

j j j j p j

jj p jk

P u( I ) X y ( I ) ( X Y ) ( I ) B A A


  

  
             

  
   

 1 1

1 1 2

12 11

1 1 0 1
n k kk

( ) ( )

o j j j p o j o j

jj p jk

P U ( I ) ( X Y ) ( I ) U u( I ) X y ,Y y B A
  

  
               

  
         (13) 

That, (5) imply 

 
1

1 1 1

1

1

0
n

( ) ( ) ( )

n i k o o i

k

( u, y ) P (U ) U u,Y y






 
    

 
  

Thus, we have 
1

1

1

1 1

0
nM

( )

n i ij k j

j k

( u, y ) p P (U ) B A




 

 
   

 
    

1 1

1 1 2 2

1 1 1

0 0
n nM

ij k j j k j j

j k k

p P (U ) B A A .P( A B A ) P (U ) B A A .P( A B A )
 

  

     
              

     
   .(14) 

From (11), we have 

 
1

(1)

1 1

1 0 0

0 . ( ) ( ) ( ),
thn

k j j

k

P U B A A P A B A dF x dG t





 
     

 
   

where 1t jh y u( t )    

From (13), we have 

   
1

(1) (1)

2 2

1 0

0 . ( ) , ( ) ( ).

t

n

k j j n t j

k h

P U B A A P A B A x h y dF x dG t
 



 
      

 
   

Therefore, (14) is written as 

 

1 1

1

1 0 0 0

t

t

hM
( ) ( )

n i ij n t j

j h

( u, y ) p ( x h ,y )dF( x )dG( t ) dF( x )dG( t ) 
  





  
   

  
      

1

1 0 0t

M
( )

ij n t j t

j h

p ( x h ,y )dF( x )dG( t ) F( h )dG( t )
  



  
   

  
    .   (15) 

Thus, from the dominated convergence theorem, the integaral equation for 1( )

i(u,y )  in 

Theorem 2.1 follows immediately by letting nin (15).  

This completes the proof ⁯. 

Similarly, the following recursive equations for 2( )

n i(u,y )  and an integral equation for 
2( )

i(u,y )  hold. 

Theorem 2.2. If model (3) satisfies the assumptions 1.1 to  1.5 then for n = 1, 2, …   

2 2

1

1 0 0

1

t

M
( ) ( )

n i ij n j j t

j h

( u,y ) p (( u x )( t ) y , y )dF( x )dG( t ) F( h )dG( t ) 
  





  
     

  
    ,    (16) 

and 
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2 2

1 0 0

1

t

M
( ) ( )

i ij j j t

j h

( u,y ) p (( u x )( t ) y , y )dF( x )dG( t ) F( h )dG( t ) 
  



  
     

  
    ,    (17) 

where 
1

1

j

t

y u( t )
h

t

 



. 

 

 

3. Probability Inequality for Ruin Probabilities 

To establish probability inequalities for ruin probabilities of model (1), we first proof the 

following Lemma. 

Lemma 3.1. Let model (1) satisfy assumptions 1.1 to 1.5 and  1 ( 1,2)kE X k   .  

Any iy E , if   

 1 1o iE(Y Y y ) E X   and   1 1 0 0o iP Y X Y y        (18) 

then, there exists a unique positive constant iR satisfying: 

  1 1 1iR ( Y X )

o iE e Y y


          (19) 

Proof. 

Define 

   1 1 1 0
t( Y X )

i o if ( t ) E e Y y ;t ( , )


     . 

We have  

   1 1( ) . 1 ( ). ( ) 1
tY tX

i o i if t E e Y y E e g t h t


      

From 1Y  is discrete random variables and it takes values in  1 2, ,..., ME y y y  then  

 1

ij

1

( ) j

M
tytY

i o i

j

g t E e Y y p e


    has n -th derivative function on  0,  (any 

 * \ 0n N N  ). 

In addition,  
0

( ) ( )txh t e f x dx



   with ( ) '( )f x F x  satisfying : 

 
0 0

0 ( ) ( ) ( ) 1txh t e f x dx f x dx

 

       

and   
0 0

0 ( ) ( ) ( 1,2)k tx k kx e f x dx x f x dx E X k

 

       . 

This implies that ( )h t  has n  -th derivative function on  0,  with 1,2n  . Thus, ( )if t  

has n -th derivative function on  0,  with 1,2n   and 

 1 1( )'

1 1( ) ( )
t Y X

i o if t E Y X e Y y


    

 1 1( )'' 2

1 1( ) ( ) 0
t Y X

i o if t E Y X e Y y


    . 

Which implies that   
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( )if t  is a convex function with (0) 0if                          (20) 

and 

   '

1 1 1 1(0) ( ) ( ) 0i o i o if E Y X Y y E Y Y y E X       .            (21) 

By  1 1( ) 0 0o iP Y X Y y    , we can find some constant 0i   such that 

  1 1( ) 0 0i o iP Y X Y y      

Then, we can get that 

       1 1 1 1

1 1

( ) ( )
( ) 1 .1 1

o i

t Y X t Y X

i o i o i Y X Y y
f t E e Y y E e Y y



 

  
       

  1 1. ( ( ) 1t

o ie P Y X Y y      . 

Imply lim ( )i
t

f t


  .                           (22) 

From (20), (21) and (22) suy ra there exists a unique positive constant iR  satisfying (19). 

This completes the proof ⁯. 

Let:   1 1( )
min 0: 1( )iR Y X

o i o i iR R E e Y y y E


      

Use Lemma 3.1 and Theorem 2.1, we now obtain a probability inequality for (1)( , )iu y  by 

an inductive approach. 

Theorem 3.1. If model (1) satisfies assumptions 1.1 to 1.5  1 ( 1,2)kE X k   and (18) 

then  

for any 0u   and iy E , 

 1(1 )(1)

1( , ) . oR u I

iu y E e       ,              (23) 

where 

 
1 0

1 1
0

. ( )

inf , 1
( )

o o

t

R t R x

t

e e dF x

F t
 






 


.              (24) 

Proof. 

Firstly, we have 

1 0 0 0
1 1

0 0 0
1

( ) ( ) ( )
1

inf inf inf 1 1 1
( ) ( ) ( )

o o o o

t t t

R t R x R t R t

t t t

e e dF x e e dF x dF x

F t F t F t
 



 



  
       

  
. 

For any 0t  , we have 

 

1

0

0

. ( )

( ) . . ( )
( )

o o

o o

t

R t R x

t

R t R x

e e dF x

F t e e dF x
F t







 
 
 
 
 
 


  

1

0

. . ( )o o

t

R t R x
e e dF x 

          (25) 

1

1 1

0

. . ( ) .o o o o

t

R t R x R t R X
e e dF x e E e       .      (26) 
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Then, for 0u   and iy E , 

1

(1) (1) (1)

1 ( , ) ( 0 , )i o o iu y P U U u Y y    
1 0

( ) ( )
M

ij t

j

p F h dG t





        (27) 

Thus, from  (26) and (27), we have 

1
(1 )(1)

1 1

1 10 0

( , ) ( ) ( ) . . ( )o jo

M M
R y u tR X

i ij t ij

j j

u y p F h dG t E e p e dG t 
 

    

 

        

1 (1 )

1

1 0

. . ( )o jo o

M
R yR X R u t

ij

j

E e p e e dG t


  



      

1 1 1(1 )

1 . .o o oR X R Y R u I

o iE e E e Y y E e            
 

1 1 1 1( ) (1 ) (1 )

1 1.o o oR Y X R u I R u I

o iE e Y y E e E e                
.                  (28) 

Under an inductive hypothesis, we assume for any 0u   and iy E , 

1(1 )(1)

1( , ) . oR u I

n iu y E e       .           (29) 

From (28) implies (29) holds with 1n  .  

For jy E , tx h  and 1 0I   , we have 

 
* *

1( (1 ) )(1 ) (1 )(1) * *

1 1( , ) . .o j o jR x u t y I R x u t y

n t jx h y E e e  
                 

  
.  

where 

* *

* 1 0
1

0

( )

inf
( )

o o

t

R t R x

t

e e dF x

F t










,  

*
1 1( )

1oR Y X

o jE e Y y


  and * 0.o oR R   

Any 

* *

*

( ) ( )

0 0 0 0

( ) ( ) ( ) ( )

0 :
( ) ( ) ( ) . ( )

o o o o o

o

t t t t

R t R x R t x R t x R x

R t

e e dF x e dF x e dF x e dF x

t
F t F t F t e F t

   

   
   

  

then 

1 0
1

0

( )

inf
( )

o o

t

R t R x

t

e e dF x

F t







 


* *

* 1 *0
1 1 1*0

1 1

( )
1 1

inf
( )

o o

t

R t R x

t

e e dF x

F t
  

 






    


. 

We get * (1 ) (1 ) 0o j o jR x u t y R x u t y               then 

 jo y)t1(uxR

1jt

)1(

n e.)y,hx(


       (30) 

Therefore, by Lemma 3.1, (9), (25) and (30), we get 

 (1) (1)

1

1 0 0

( , ) ( , ) ( ) ( ) ( ) ( )

t

M

n i ij n t j t

j h

u y p x h y dF x dG t F h dG t 
  





  
   

  
     

 
(1 ) (1 )

1 1

1 0 0 0

( ) ( ) ( ) ( )
t

o j o j o

t

hM
R x u t y R y u t R x

ij

j h

p e dF y dG t e e dF x dG t 
  

            



   
     

   
      

 
(1 )

1

1 0 0

. ( ). ( ) ( )
t

o j o o o

t

hM
R y R u t R x R x

ij

j h

p e e dG t e dF x e dF x
 

   



   
    

   
     
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(1 )

1

0 0

. ( ). ( )o j o o
R y R u t R x

ij

j E

p e e dG t e dF x
 

  



      

 1 1 1 1( ) (1 ) (1 )

1 1.o o oR Y X R u I R u I

o iE e Y y E e E e                
. 

Hence, for any 1,2,...n  (29) hold.  

Therefore, (23) follows by letting n in (29).  

This completes the proof ⁯. 

Remark 3.1. Let 1(1 )

1( , ) . oR u I

iA u x E e      . From 1 0I   and 1 1  , we have 

 
1 1( , ) . o o oR u R u R u

iA u x E e e e        . 

Therefore, upper bound for ruin probability in (23) is better than oR u
e


. 

Similarly, we have Lemma 3.2. 

Lemma 3.2. Assume that model (3) satisfies assumptions 1.1 to 1.5 and 

 1 ( 1,2)kE X k   . 

Any iy E , if   

1 1 1(1 ) 0o iE Y X I Y y    
   and   1 1 1(1 ) 0 0o iP Y X I Y y       (31) 

Then, there exists a unique positive constant iR  satisfying: 

   1 1 1(1 ) )
1iR Y X I

o iE e Y y
 

          (32) 

Let:   1 1 1( (1 ))
min 0: 1( )iR Y X I

o i o i iR R E e Y y y E
 

      

Use Lemma 3.2 and Theorem 2.2, we now obtain a probability inequality for (2)( , )iu y  by 

an inductive approach. 

Theorem 3.2. If model (3) satisfies assumptions 1.1 to 1.5  1 ( 1,2)kE X k   and 

(31) then 

For any 0u   and iy E , 

 1 1 1( )(1 )(2)

2( , ) . o oR Y R u X I

i o iu y E e Y y E e        
  

.             

(33) 

where 

 
1 0

2 2
0

. ( )

inf , 1
( )

o o

t

R t R x

t

e e dF x

F t
 






 


.               

(34) 

Proof. 

Similarly, we have 2 1   and any 0t  , we have      

  2

0

( ) . . ( )o o

t

R t R xF t e e dF x   .              (35) 

Then, for 0u   and iy E , 
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1

(2) (2) (2)

1 ( , ) ( 0 , )i o o iu y P U U u Y y    
1 0

( ) ( )
M

ij t

j

p F h dG t





    (36) 

Thus, from (35) and (36), we have 
(1 )

(2) 1
1 2

1 10 0 0

( , ) ( ) ( ) . . ( ) ( )
jt

o
o

y u thM M R
R xt

i ij t ij

j j

u y p F h dG t p e e dF x dG t 

  



 

  
   

  
     

(1 ) (1 ) (1 )

1 1
2 2

1 10 0 0 0

. . ( ) ( ) . . ( ) ( )

j
jt to

o

y u t y u t x th hM MR x Rt t
ij ij

j j

p e dF x dG t p e dF x dG t 

         
  

 

      
    

     

      (37) 

where 
(1 )

1

j

t

y u t
h

t

 



. 

That, for 0t    
(1 ) (1 )

(1 ) (1 ) ( )(1 )
1

0 0 0

( ) ( ) ( )
jt t

o o oj j

y u t x th h
R R y u t x t R y u x t

te dF x e dF x e dF x

    
                          (38) 

From (37) and (38), we have 

( )(1 )(2)

1 2

1 0 0

( , ) . ( ) ( )
o j

M
R y u x t

i ij

j

u y p e dF x dG t 
 

    



     

1 1 1( )(1 )

2 .o oR Y R u X I

o iE e Y y E e       
  

.              (39) 

Under an inductive hypothesis, we assume for any 0u   and iy E , 

(2)( , )n iu y 1 1 1( )(1 )

2 .o oR Y R u X I

o iE e Y y E e       
  

    (40) 

From (39) implies (40) holds with 1n  .  

For jy E , tx h  and 1 0I   , we have 
**

1 11
( )(1 ) )(1 )(1) *

2(( )(1 ) , ) .
o jo R u x t y X IR Y

n j j o ju x t y y E e Y y E e 
             

     
 

 
* **

1 1 11
( )(1 ) (1 ) (1 )*

2 .
o ojo R u x t y I R X IR Y

o jE e Y y E e
           

     
 

 
* **

1 11
( )(1 ) (1 )*

2 .
o ojo R u x t y R X IR Y

o jE e Y y E e
          

     
 

 
* ** *

1 1 1
( )(1 ) ( )(1 )(1 )* *

2 2. .
o oj jo oR u x t y R u x t yR Y R X I

o je E e Y y E e e 
                   

     
 

where 

* *

* 1 0
2

0

( )

inf
( )

o o

t

R t R x

t

e e dF x

F t










,  

*

1 1 1( (1 ))
1oR Y X I

o jE e Y y
 

  and 
*

0.o oR R   

Any 

* *

*

( ) ( )

0 0 0 0

( ) ( ) ( ) ( )

0 :
( ) ( ) ( ) . ( )

o o o o o

o

t t t t

R t R x R t x R t x R x

R t

e e dF x e dF x e dF x e dF x

t
F t F t F t e F t

   

   
   

  

then 
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1 0
2

0

( )

inf
. ( )

o o

t

R t R x

t

e e dF x

F t







 


* *

* 1 *0
2 2 2*0

2 2

( )
1 1

inf
( )

o o

t

R t R x

t

e e dF x

F t
  

 






    


. 

We get 
*

( )(1 ) ( )(1 ) 0o oj jR u x t y R u x t y               then 

( )(1 )(2)

2(( )(1 ) , ) .
o jR u x t y

n j ju x t y y e 
               (41) 

Therefore, by Lemma 3.2, (16), (35) and (41), we get 

(2) (2)

1

1 0 0

( , ) (( )(1 ) , ) ( ) ( ) ( ) ( )

t

M

n i ij n j j t

j h

u y p u x t y y dF x dG t F h dG t 
  





  
     

  
     

(1 )
( )(1 )

1
2 2

1 0 0 0

( ) ( ) ( ) ( )
jt

oo j o

t

y u thM RR u x t y R xt
ij

j h

p e dF y dG t e e dF x dG t 

   
       



   
     

   
      

(1 ) (1 )
( )(1 )

1
2 2

1 0 0 0

( ) ( ) ( ) ( )
jt

oo j

t

y u t x thM RR u x t y
t

ij

j h

p e dF y dG t e dF x dG t 

     
      



   
     

   
             (42) 

From (38) and (42), we have 

( )(1 )(2)

1 2

1 0 0

( , ) . ( ) ( )
o j

M
R y u x t

n i ij

j

u y p e dF x dG t 
 

    




     

1 1 1( )(1 )

2 .o oR Y R u X I

o iE e Y y E e       
  

.  

Hence, for any 1,2,...n  (40) hold. Therefore, (33) follows by letting n in (40).  

This completes the proof ⁯. 

Remark 3.2. Let 1 1 1( )(1 )

2( , ) o oR Y R u X I

i o iB u y E e Y y E e       
  

. From 1 10, 0I X   and 

2 1  , we have 

1 1 1 1(1 ) (1 )

2( , ) o o oR Y R u I R X I

i o iB u y E e Y y E e        
  

     

  1 1 1(1 )

2

o o oR Y R u R X I

o iE e E e X x      
   

 

  
 1 1 1)(1 )

2 2

oo o oR Y X IR u R u R u

o ie E e X x e e 
       

 
. 

Therefore, upper bound for ruin probability in (33) is better than oR ue . 

4. Conclusion 

Our main results in this paper, Theorem 2.1 and Theorem 2.2 give recursive equation for 
(1)( , )n iu y and (2)( , )n iu y and integral equation for (1)( , )iu y and (2)( , )iu y ; Theorem 3.1 

and Theorem 3.2 give probability inequalities for (1)( , )iu y and (2)( , )iu y by an inductive 

approach. 
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