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Abstract.In the short work, we introduce the concept of hyperOrliczfunction.Then we prove some results
on spaces which there is a HyperOrlicz function on them. Finally, we obtain all results in[1] when
(𝑋, , 𝜇) is a measure space, where 𝑋is a locally compact normed space.
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1.Introduction
Recently, many mathematician have worked on Orlicz spaces. These spaces have a few
applications in various branches of mathematics . For example, in [1] an application of Orlicz
spaces in partial differential equations has been presented. For a detailed account on Orlicz
spaces the reader should consult [1] or [2].
There are another version of Orlicz spaces; For instance, authors in [3] studied some basic
properties of weak Orlicz spaces and their applications to harmonic analysis. They discussed the
absolute continuity of the quasi-norm and its normality, then prove the boundedness of several
maximal operators. They also established a kind of Marcinkiewicz-type interpolation theorem
between weak Orlicz spaces.
In this short work, we introduce the notion of hyperOrlicz functions and hyperOrlicz spaces and
get some results on them.

2.Main Results
First of all, we introduce the notion of a hyperOrlicz function.
Definition2.1. Let 𝑋 be a normed space. A function 𝜙: 𝑋 → [0, ∞] is said to be a hyper
Orliczfunction(for summary h-Orlicz function) if 𝜙 is even, convex, continuous on 𝑋, 𝜙 vanish
only at 0 and 𝜙 is not identically equal to zero.

796

E.Safaee

By H-Orl(𝑋), we denote the set of all h-Orlicz functions on 𝑋.
We wish to search spaces which there is a h-Orlicz function on them.
Proposition2.2. Let 𝑋be a n-dimensional space. Then H-Orl(𝑋)≠ ∅.
Proof. First note that 𝑋 ≅ ℝ𝑘 for some 𝑘 ∈ ℕ. It is easy to show that the function 𝜙: ℝ𝑘 → [0, ∞]
defined by
1

𝜙 𝑥1 , … , 𝑥𝑘 = (𝑥12 + ⋯ + 𝑥𝑘2 )2
Is a h-Orlicz function. There is a linear bijection 𝑓: 𝑋 → ℝ𝑘 . Define the function 𝜙𝑜𝑓: 𝑋 →
[0, ∞]. It can be seen easily that 𝜙𝑜𝑓 is a h-Orlicz function. Therefore H − Orl(X) ≠ ∅.■
It follows from the fact any norm is a h-Orlicz function that:
Theorem2.3. Let 𝑋 be a normable topological space.ThenH − Orl(X) ≠ ∅.
Corollary2.4. Let 𝑋 be a normed space. Then H − Orl(X) ≠ ∅.
The following theorem gives an important information on cardinal of the set of h-orlicz functions
on a normed space.
Theorem2.5.Let 𝑋 be a normed space. Then
Card H − Orl X

=𝒸

Where 𝒸 is the cardinal of continuum.
Proof. Let . be the original norm on 𝑋.Define
𝒩 = {𝑃: 𝑋 → ℝ 𝑃 𝑥 = 𝑘 𝑥 where k is a positive real number}
It is clear that 𝒩 is a family of norms on 𝑋.Now by Corollary2.5, 𝒩 is a family of h-orlicz
functions also. Finally
Card H − Orl X

=𝒸

As desired.■
Theorem2.6. If 𝑋 is reflexive space with H − Orl(X) ≠ ∅, then
𝐻 − 𝑂𝑟𝑙(𝑋 (2𝑛) ) ≠ ∅
For any 𝑛 ∈ ℕ; Where 𝑋 (2𝑛) denotes the 2n − th dual of 𝑋.
Proof.First note that 𝑋 (𝑛) is reflexive for any 𝑛 ∈ ℕ. Since 𝑋 is reflexive, so the canonical
embedding 𝜏: 𝑋 → 𝑋 ∗∗ is surjective and thus is an isometrically isomorphism. Therefore by the
proof proposition2.3,
𝐻 − 𝑂𝑟𝑙(𝑋 ∗∗ ) ≠ ∅
In exactly the same way, the canonical embedding 𝜏: 𝑋 (2𝑛−2) → 𝑋 (2𝑛) is surjective, for any 𝑛 ≥
2, and thus is an isometrically isomorphism and so
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𝐻 − 𝑂𝑟𝑙(𝑋 (2𝑛) ) ≠ ∅
As claimed.
Corollary2.7. Let 𝑋 be a n-dimensional space. Then 𝐻 − 𝑂𝑟𝑙(𝑋 (𝑛) ) ≠ ∅ for any 𝑛 ∈ ℕ; Where
𝑋 (𝑛) denotes the nth dual of 𝑋.
Proof. It follows from this fact that 𝑋 (𝑛) is reflexive[5], for every 𝑛 = 0,1,2, … . Note that 𝑋 0 = 𝑋
.∎
Problem2.8. Find a formula for complementary function 𝜓 of a h-Orliczfunction 𝜙.
Remark2.9. Notice that if one can solve the above problem, then:
Let 𝑋 be a locally compact normed space. Suppose further, 𝜙 is a h-Orlicz function on 𝑋. We
define a convex function 𝐼𝜙 : 𝐿0 𝜇 → [0, ∞] by
𝐼𝜙 𝑓 =

𝜙 𝑓 𝑥 𝑑 𝜇(𝑥)

Where (𝑋, , 𝜇) is a measure space, 𝜇 is the haar measure on 𝑋 and
𝐿0 𝜇 = {𝑓: 𝑋 → 𝑋 𝑓 is measurable}
By using of the above definitions and notations one can prove all results in [1], for h-Orlicz
functions.
Remark2.10. It is well-known and easy to show that a normed space 𝑋 is locally compact if and
only if it has finite dimension(for example, see[4]); Therefore, in Remark2.9, 𝑋 must be a finitedimensional space.
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