Mathematica Aeterna, Vol. 4, 2014, no. 7, 769 - 780

A new characterization of L,(2") by nse

Yong Yang
School of Science
Sichuan University of Science and Engineering
Zigong Sichuan 643000
P. R. China
yangbba@163.com

Haiyan Zhang
School of Science
Sichuan University of Science and Engineering
Zigong Sichuan 643000
P. R. China
35917912@Qqq.com

Abstract

Let G be a group and w(G) be the set of element orders of G. Let
k € w(G) and s, be the number of elements of order k£ in G. Let
nse(G) = {sg|k € w(G)}. The groups Ly(8) and Ly(16) are unique
determined by nse(G). In this paper, we prove that if G is a group such
that nse(G)=nse(L2(2™)), then G = Lo(2™).
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1 Introduction

A finite group G is called a simple Ky-group, if G is a simple group with
|7(G)] = 4. W. J. Shi in [30] pointed out the following problem.

Shi’s Problem. Is the number of simple K -groups is finite or infinite?
So it is also difficult to known the exact number of simple K4-group Lo(3™).
Thus characterization of Ls(3™) is also an interesting work. For nse, the most
important problem is related to Thompson’s Problem.

In 1987, J. G. Thompson posed a very interesting problem related to alge-
braic number fields as follows (see [32]).
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Thompson’s Problem. Let T'(G) = {(n, sn)}n € w(G) and s, €nse(G)},
where s, is the number of elements with order n. Suppose that T(G) = T'(H).
If G is a finite solvable group, is it true that H is also necessarily solvable?

It is easy to see that if G and H are of the same order type, then

nse(G) = nse(H), |G| = |H].

Theorem 1.1 Let G be a group and H be one of the following groups.
(1) M is a simple K;-group, where i = 3,4 (see [28, 27] respectively);
(2) Ava, Az (see [19, 14]);

(3) A Sporadic simple group (see [10]);

(4) Ay, n=rr+ 1,7+ 2,7+ 3,7+ 4,r+5 where r is a prime (see [1]);
(5) S, where r is a prime [8];

(6) Ly(2™) with 2™ + 1 is a prime or 2™ — 1 is a prime (see [26]).

Then |G| = |H| and nse(G)=nse(H) if and only if G = H.

Not all groups can be determined by nse(G) and |G|. Let A, B be two finite
groups, G := A x B means the semidirect of A, B and A <t G. For example.
In 1987, J. G. Thompson gave an example as followings. Let

G1:CQXCQXCQXCQ>4A7, G2:L3(4)>402,

where both G} and G4 are maximal subgroups of My3. Then nse(G1)=nse(G2)={1,
435, 2240, 6300, 8064, 6720, 5040, 57600}, but G; 2 Gs.

Comparing the sizes of elements of same order but disregarding the actual
orders of elements in T'(G) of the Thompson’s Problem, in other words, it
remains only nse(G), whether can it characterize finite simple groups?

Theorem 1.2 Let G be a group and H be one of the following groups.
(1) Some projective special linear groups (see [29, 33, 19, 5, 4] respectively);
(2) PGL(2p) [2);

(3) L3(5), Us(5) and Us(7) (see [21], [20] and [23] respectively);
(4) S., where r is a prime, r — 2 is a prime and v < 5.10% [8];
(5) M1, My, Mas, My, /5/;

(6) A7, As [7];

(1) Ly(2) [29);

(8) Ji [9];

(9) Ss [3].

Then nse(G)=nse(H) if and only if G = H.

In this paper, it is shown that the group L,(2™) also can be characterized
by nse.

We introduce some new notations which will be used in the paper. Let a.b
denote the products of an integer a by an integer b. Let r be a prime. Then we
denote the p-part of the integer n by n,. Without confusion, we also denote
the number of the Sylow r-subgroup P, by n, or n,.(G). The other notations
are standard (see [11]).
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2 Preliminary Lemmas

In this section, we give some lemmas which will be used in the proof of the
main theorem.

Lemma 2.1 Let G be a finite group and m be a positive integer dividing
G|. If Lin(G) = {g € G|g™ = 1}, then m||L,,(G)|.

Proof. See [13]. O

Lemma 2.2 Let G be a group containing more than two elements. If the

mazimal number s of elements of the same order in G is finite, then G is finite
and |G| < s(s* —1).

Proof. See [29]. O

Lemma 2.3 With the exceptions of the relations (239)? —2(13)* = —1 and
(3)5 — 2(11)2 = 1 every solution of the equation

p™ —2¢" = £1; p,q prime; m,n > 1,

has exponents m =n = 2; i. e. it comes from a unit p — q.2% of the quadratic
1 . . .
field Q(22) for which the coefficients p and q are primes.

Proof. See [12] and [18]. O
To prove G = Ly(2™), we need the structure of simple Ky-groups.

Lemma 2.4 Let G be a simple K4-group. Then G is isomorphic to one of
the following groups:

(1) A?; As, Ag or Ayp.
(2) MH, M12 or Jg.
(8) One of the following:

(a) Ly(r), where r is a prime and r®> —1 = 2%-3%-v¢ witha > 1, b > 1,
c>1, and v is a prime greater than 3.

(b) Ly(2™), where 2™ —1 = u, 2™ +1 = 3t® with m > 2, u, t are primes,
t>3,b>1.

(¢c) Lo(3™), where 3™+1 = 4t, 3™ —1 = 2u¢ or 3™+1 = 4¢%, 3" —1 = 2,
with m > 2, u, t are odd primes, b > 1, ¢ > 1.
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Ly(81),

)
)

(4) One of the following 28 simple groups: Lo(16), L2(25), L2(49),
L3(4); L3(5)7 L3(7); L3(8); L3(17); L4(3)7 54(4)7 54(5); 54(7); 54(9
56(2)? O;(Q), G2(3)f U3(4>7 U3(5>7 U3(7>7 U3(8), U3(9)f U4(3>7 U5(2
S2(8), S2(32), 2D4(2) or 2Fy(2).

Proof. See [31]. O

Lemma 2.5 If 2 | q, then nse(La(q))={1,¢(d).q.(¢ + 1)/2,1 < d | (¢ —
1),¢(s).q.(¢g—1)/2,1 < s| (¢ +1),¢° = 1}

Proof. It is easy to get from [16], Chapter 2, Theorem 8.2-8.5. [
Lemma 2.6 u(Lx(q)) = {q,(q—1)/2,(¢+1)/2} with q odd.
Proof. See [17, p. 213]. O

Lemma 2.7 Let G be a finite solvable group and |G| = mn, where m =
pyteoplr, (myn) = 1. Let m = {p1,--- ,p.} and h,, be the number of Hall
w-subgroups of G. Then h,, = qfl -+ qP satisfies the following conditions for
alli e {1,2,--- s}:

(1) ¢;* =1 (mod pj) for some p;.

(2) The order of some chief factor of G is divided by ¢".
Proof. See [24, Theorem 9.3.1]. O

Lemma 2.8 Let G be a finite group and p € n(G) be odd. Suppose that P
is a Sylow p-subgroup of G and n = p*m with (p,m) = 1. If P is not cyclic
and s > 1, then the number of elements of order n is always a multiple of p°.

Proof. See [25]. O

Let G be a group such that nse(G)=nse(Ly(3™)), and s, be the number of
elements of order n. By Lemma 2.2 we have that G is finite. We note that
sn = ko(n), where k is the number of cyclic subgroups of order n. Also we
note that if n > 2, then ¢(n) is even. If m € w(G), then by Lemma 2.1 and
the above discussion, we have

{¢<m> [ 5m Q)

m | Ed|m8d
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Remark 2.9 If p* € w(G) and |P| = p* where P is a Sylow p-subgroup of
G, then sy = ¢(p*).ny,. If |P| > p*, then by Lemma 2.8, s = p*.t for some
non-negative integer t. In particular, if k > 2, then t is either a multiple of p or
coprime to p. On the other hand, s, = ¢(p).n,, in this case, (n,,p) = 1. Hence
if p € ©(G), we consider the prime divisor of m(t,) where p' = 7w(t) — {p},
which possibly lies in w(G). So whether the Sylow p-subgroup of G is cyclic or
not, we can only consider when the p-subgroup is cyclic of order p.

Lemma 2.10 Let G be a group and x,y, and p > 3 are different primes. If
Sz, Sy €nse(G)=nse(Ls(3™)) = {1, ¢(d).3™.(3m+1)/2,1 < d | (3"—1)/2, ¢(s).3™.(3"—
1)/2,1 <s|(3™4+1)/2,(3™)? — 1} and s, # s, where m satisfies

3"+ 1 =4t @)
3m —1=2u°

or
3m 4+ 1 =4, )
3m—1=2u

with m > 2, u, t are odd primes, b > 1, ¢ > 1 and {p} < n(s,) N7(sy), then
if xt,y € m(G), there is an element of order p of G.

In the proof of the Lemma, we always assume that the largest prime belongs
to m(G). If ¢ = 1, then we assume that v € 7(G); if ¢ > 1, then we assume
that t € 7(G).

Proof. Let

3m 4+ 1 =4t
3m 1 = e,

Then we consider the following two cases.
Ifc=1,thenu >t >3>2and 3m2_1 = w is a prime. Since (u, s,) =
then s, = ¢(d).3™.(3™ +1)/2, with 1 < d | (3™ — 1)/2. In this case, s | 2.1.

1,

e Let s = 2. Then by Lemma 2.1, s = 3™.(3™ — 1)/2 is the only
odd number of nse(G) and so 2 € w(G). Since (t,s;) = 1, then s, =
o(t).3™.(3™ —1)/2. Since (3™ +1,3™ — 1) = 2, then 3 € 7(s2) N 7(sy).
So we can assume that 3 | n, or 3 | ¢(u).

* Let 3 | ny,. Then since u € 7(G), 3 € n(G), this is the desired
result.

* Let 3 | ¢(u). Since u = 2"~ is a prime, then 3 | =2 = 3(3m~! —
1)/2. Since (3™ +1,3™—1) =2 and (3™ —1,3""! —1) = 2, we can
assume that 2 or t € 7(3™1 —1). If ¢t | 3™~! — 1, then 3™ = 3+ 3kt

for some integer k, but the equation has no solution since ¢ > 3
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is a prime. Hence 3™~! — 1 = 2¢ for some integer a. By Lemma
23, m—1=2anda=3. So3*+1=4t,t="Tand u = 13. It
follows that nse(G)=nse(Ly(3%)), and from [4], the prime 3 also, in
this case, belongs to 7(G).

e Let s =¢. Then by Lemma 2.6, 2.u ¢ w(G). It follows that the Sylow
2-subgroup of G acts fixed point freely on the set of elements of order u
and |Py| | s,. Similarly t.u ¢ w(G) and || | s,. Hence |G| | 3™.(3™ +
1).(3™ —1). On the other hand,

Y s =3"3"—1).3"+1)/2< |G| | 3™.(3" +1).(3™ = 1). (4)

sp€nse(G)

Since Zsk ense(G) Sk is odd, then the inequality has no solution in N.

If c>1,thent >u>3> 2 and ?’WiT“ = t is a prime. Since (¢,s;) = 1,
then s; = ¢(¢).3".(3™ — 1)/2, s5 = 3™.(3™ — 1)/2 and 2 € «(G). Since
3,u € 7m(s2) N 7(sy). Then we consider the following two cases: 3 | m; or
3| o(t); u|mngorule(t).

Case a. 3| ny or 3| ¢(t)

e Let 3| n;. Then since t € 7(G), 3 € ©(G).

o Let 3| ¢(t). Then 3 |t — 1. It follows that there is a Frobenius group
of order 3.t with a Frobenius kernel of order ¢ and a Frobenius comple-
ment of order 3. It follows that there is an element of order u.t which
contradicts Lemma 2.6. Therefore 31t — 1.

Case b. u | ny or u | ¢(t).

e Let u | ny. Then since t € 7(G), u € 7(G).

o Let u | ¢(t). Then uw | t — 1. It follows that there is a Frobenius
group of order u.t with a Frobenius kernel of order ¢ and a Frobenius
complement of order u. It follows that there is an element of order 3.t
which contradicts Lemma 2.6. Therefore u t ¢ — 1.

Similarly as the case “3™ + 1 = 4¢,3™ — 1 = 2u®” we also can do this case
“3m 41 =4t 3" — 1= 2.
This completes the proof of the Lemma. [J
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3 Main Results and its Proof

In this section, we will give the proof of the main theorem.

Theorem 3.1 Let G be a group and r a prime. Then G = Ly(3™),

3m 41 = 4t

3m ] = 2e
or

3m 41 = 4,

3m 1 =2y

withm > 2, u, t are odd primes, b > 1, ¢ > 1 if and only if nse(G)=nse(Ls(3™)).

Proof. If G = Ly(3™), then from Lemma ?7, nse(G)=nse(Ly(3™)).
So we assume that nse(G)=nse(Ly(3™)) with 3™ + 1 = 4¢,3™ — 1 = 2u°.
We consider ¢ =1 and ¢ > 1.

e Casea. c=1.
Then u >t >3 > 2.
If u,t,3,2 € m(G), s, = ((3™—1)/2).3™.(3™+1)/2, sy = ¢(t).3™.(3™ —
1)/2, s3=(3™)2 — 1 and 55 = 3™.(3™ — 1)/2, 2 € 7(G).
If t € 7(G) and since 3,u € 7(s;) N mw(sy), then by Lemma 2.10, 3,u €
7(G).
Therefore we consider the following subcases: 7(G) = {2,u} and 7(G) =
{2,3,u,t}.

* Subcase a. 7(G) = {2, u}.
Since 3 € 7(sg) N 7(sy), then by Lemma 2.10, 3 € 7(G), a contra-
diction.

* Subcase b. 7(G) = {2,3,u,t}.
By Lemma 2.6, 2.3 € w(G). It follows that the Sylow 2-subgroup of
G acts fixed point freely on the set of elements of order 3, |P| | s3
and |Ps| | 3. Similarly 3.u ¢ w(G) and |P,| | s3, in particular
|P,) = u; 3.t € w(G) and |P| | ss.
Therefore we can assume that |G| | 273™.tP.u? for some non-negative
integers m, n, p,q. On the other hand,

3m.(3m — 1)(3™ + 1)
2
and so |G| =3".(3™—1).(3"+1)/2 or |G| = 3™.(3" —1).(3™+1).

< |G| < 3™.(3™ —1).(3™ + 1)
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In the following, we first prove that there is no group such that
|G| = 3™.(3™ —1).(3™ + 1) and nse(G)=nse(L2(3™)), then from
[27], get the desired result.

G is insoluble. Assume that G is soluble. Since s, = ¢((3™ —
1)/2).3™.(3™+1)/2, then n, = 3™.(3™+1)/2 = 3™.4¢. By Lemma
2.7,22 =1 (mod u), a contradiction. So G is insoluble.

There is a normal series

1K< L<aG

such that L/K is a simple K;-group with i = 3, 4.

Let L/K be a simple K3-group. Then from [15], L/ K is isomorphic
to one of the following groups: As, Ag, Lo(7), L2(8), Lo(17), Us(3),
L3(3), Us(2).

It is easy to prove that L/K is not a simple K3-group. For instance,
assume that L/K = Ly(17). Then u = 17 and so 3™ — 1 = 2.17.
The equation has no solution in N.

Let L/K be a simple K4-group. Similarly to the above case, we can
rule out the groups which are isomorphic to (1)(2)(4) of Lemma 2.4.
Therefore we consider Lemma 2.4(3) with the following three cases.

(a) L/K = Ly(r), where r is a prime and r satisfies
r?—1=23"0°

witha >1,0>1,¢>1,v > 3 is a prime.

Since r is the largest prime divisor of L/ K. Hence u = (3™ —1)/2 =
r. That is |Lo(r)| | |G|, namely,

(3™ =1)/2)* = 1).(3™ = 1)/4 | 3™.(3™ - 1).(3™ + 1).
It follows that
3am—3
16
a contradiction since 2 | 3™ — 3 and 22 § 3™ — 3.
(b) L/K = Ly(2™), where 2™ — 1 =/, 2™ 4+ 1 = 3t" with m > 2,
u', t' are primes, t' > 3, b > 1. Then u = u/. It follows that

3™,

| L>(2)] | 1G],
namely,
2mE2m —-1)(2"4+1) | 3™.(3™ = 1).(3™ + 1),

a contradiction.
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(c) L/K = Ly(3™), where

3m 41 =4t

3m —1=2u"
or

3m+1=4t",

3m—1=2u

with m > 2, «/, t' are odd primes, O > 1, ¢ > 1.
Let G =G/K and L = L/K. Then

Ly(3™) < L= LCx(L)/Ca(L) < G/Cq(L) = Ng(L)/Cg(L) < Aut(L)

Set M = {zK | K € Cgz(L)}, then G/M = G/Cx(L) and
so Ly(3™) < G/M <Aut(L2(3™)). Therefore G/M = Ly(3™) or
G/M = SLy(3™).

If G/M = Ly(3™), then |M| = 2 and M = Z(G). It follows that
there is an element of order 2.u, a contradiction.

If G/M = SLy(3™), then M = 1. But nse(SL2(3™)) #nse(G), we
also rule out this case.

Therefore |G| = 3™.(3™—1).(3"+1)/2 = | Ly(3™)|. By assumption,
nse(G)=nse(Ly(3™)). So by [27], G = Ly(3™).

e Case b. ¢ > 1.

Then t > u > 3 > 2. Similarly as “c =17, we have G = Ly(3™).

Also we can do the case “3™ + 1 = 4t*,3™ — 1 = 2u” as the case “3™ +1 =
4t,3™ — 1 = 2u“”, so we have G = Ly(3™).

This completes the proof of the theorem. [

ACKNOWLEDGEMENTS. The object is supported by the Depart-
ment of Education of Sichuan Province (Grant No: 13ZA0119) and by the
Opening Project of Sichuan Province University Key Laborstory of Bridge
Non-destruction Detecting and Engineering Computing (Grant No: 2013QY J02)
and by the Scientific Research Project of Sichuan University of Science and
Engineering (Grant No: 2014RC02). The authors are very grateful for the
helpful suggestions of the referee.

References

[1] A. K. Asboei. A new characterization of alternating groups.



778

2]

3]

[12]

[13]

[14]

[15]

Y. Yong and H. Zhang

A. K. Asboei. A new characterization of PGL(2, p). J. Algebra Appl.,
2013, 12(7):1350040 (5 pages).

A. K. Asboei. A new characterization of Sg. Novi Sad J. Math., 2013,
43(1):33-39.

A. K. Asboei. A new characterization of PSL(2,27). Bol. Soc. Paran.
Mat. (2), 2014, 32(1): 43-50.

A. K. Asboei and S. S. S. Amiri. A new characterization of PSIL(2,25).
Int. J. Group The., 2012, 1(3):15-19.

A. K. Asboei, S. S. S. Amiri, A. Iranmanesh, and A. Tehranian. A new
characterization of A; and Ag. An. St. Univ. Constanta. to appear.

A. K. Asboei, S. S. S. Amiri, A. Iranmanesh, and A. Tehranian. A note
on a characterization of mathieu groups. Southeast Asian Bull Math.

A. K. Asboei, S. S. S. Amiri, A. ITranmanesh, and A. Tehranian. A charac-
terization of symmetric group S,, where r is prime number. Ann. Math.
Inform., 2012, 40:13-23.

A. K. Asboei, S. S. S. Amiri, A. Iranmanesh, and A. Tehranian. A new
characterization of the Janko group. Aus. J. Bas. App. Sci., 2012, 6:130—
132.

A. K. Asboei, S. S. S. Amiri, A. [ranmanesh, and A. Tehranian. A charac-
terization of sporadic simple groups by NSE and order. J. Algebra Appl.,
2013, 12(2):1250158 (3 pages).

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson.
Atlas of finite groups. Oxford University Press, Eynsham, 1985. Maximal
subgroups and ordinary characters for simple groups, With computational
assistance from J. G. Thackray.

P. Crescenzo. A Diophantine equation which arises in the theory of finite
groups. Advances in Math., 1975, 17(1):25-29.

G. Frobenius. Verallgemeinerung des sylowschen satze. Berliner Sitz,
1895, pages 981-993.

S. Guo, S. Liu, and W. Shi. A new characterization of alternating group
Ay3. Far East J. Math. Sci., 2012, 62(1):15-28.

M. Herzog. On finite simple groups of order divisible by three primes only.
J. Algebra, 1968, 10:383-388.



A new characterization of L2(2™) by nse 779

[16]
[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]
[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

B. Huppert. Endliche Gruppen. I. Springer-Verlag, Berlin, 1967.

B. Huppert and N. Blackburn. Finite groups. I1I. Springer-Verlag, Berlin,
1982.

A. Khosravi and B. Khosravi. A new characterization of some alternating
and symmetric groups. II. Houston J. Math., 2004, 30(4):953-967, .

S. Liu. A characterization of L3(4). ScienceAsia, 2013, 39: 436-439.

S. Liu. A characterization of projective special group L3(5). Ital. J. Pure
Appl. Math. 2014, no. 32, 203-212.

S. Liu. A characterization of projective special unitary group Us(5). Arab
J. Math. Sci. 2014, 20: 133-140

S. Liu. NSE characterization of projective special linear group Ls(2).
Rend. Semin. Mat. Univ. Padova. to appear.

S. Liu. A characterization of projective special unitary group Us(7) by
nse. Algebra, 2013, 2013: Article ID 983186 (5 pages).

Jr M. Hall. The theory of groups. The Macmillan Co., New York, 1959.

G. A. Miller. Addition to a theorem due to Frobenius. Bull. Amer. Math.
Soc., 1904, 11(1): 6-7.

C. Shao and Q. Jiang. A new characterization of some linear groups by
NSE. J. Algebra Appl. 2014, 13: 1350094 (9 pages)

C. Shao, W. Shi, and Q. Jiang. Characterization of simple K,-groups.
Front. Math. China, 2008, 3(3): 355-370.

C. G. Shao, W. J. Shi, and Q. H. Jiang. A characterization of simple
Ks-groups. Adv. Math. (China), 2009, 38(3):327-330.

R. Shen, C. Shao, Q. Jiang, W. Shi, and V. Mazurov. A new characteri-
zation of As. Monatsh. Math., 2010, 160(3): 337-341,.

W. J. Shi. A new characterization of the sporadic simple groups. In Group
theory (Singapore, 1987), pages 531-540. de Gruyter, Berlin, 1989.

W. J. Shi. On simple K,-group. Chin. Sci. Bul, 1991, 36:1281-1283 (in
chinese).

W. J. Shi. On the order and the element orders of finite groups: results
and problems. In Proc. Ischia Group theory( Italy, 2010 ), pages 313-333.
World Scientific Pub. Co., Signapore, 2012.



780 Y. Yong and H. Zhang

[33] Q. Zhang and W. Shi. Characterization of Ly(16) by 7.(L2(16)). J. Math.
Res. Appl., 2012, 32(2): 248-252.

Received: August, 2014



