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Abstract

This paper is devoted to studying the removable singularities of so-
lutions for the Dirichlet problem for degenerate non-linear elliptic equa-
tions on the boundary of domain. Method a priori energetic estimates
of solutions to elliptic boundary value problems is used. The applied
method differs from the way for obtaining appropriate results in linear
situation.
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1 Introduction

The corresponding results for linear equations were obtained in the papers of
L.Carleson [1], V.A.Kondratyev, O.A.Oleynik [2], O.A.Oleynik, G.A.losifyan
[3], V.A.Kondratyev, E.M.Landis [4], D.Gilbarg, N.Trudinger [5], T.Gadjiev,
V.Mamedova [6], J.Diederich [7], R.Harvey, J.Polking [8], for non-linear equa-
tions in the papers of T.Kilpelainen, X.Zhong [9] and others.

Let Q C R", n > 2 be a bounded domain. Consider the following equation

> (=1) DA, (x,u, Du, ..., D™u) = > (-1 DYF,(z), (1)

lo|<m |o|<m
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where

olel
De = al =« «Q it a,, m>1.
ax?laxgzax%n ! | | 1+ 2 —+ + >

Assume that the coefficients A, (x, &) of the equation (1) are measurable
with respect to x € € , are continuous with respect to &€ € RM (M is the
number of different multi-indexes of lengths no more than m) and satisfy the
conditions

S Aae, €7 > wla) [P — clw@)%‘; &l — i)

|lal=m

[Aa(2,€)] < cow(z

(), (2)

=0
where § = (50’ ---agm)a gl = ( a)7 |a| =15,p>1,

fi(x )EL zoc(Q)a fo(x) € L13oc(82), Fo GL zoc(Q)-

Suppose that w(z), z € Q is a measurable non-negative function satisfying
the conditions: w € Ly j0.(£2), and for any p > 0 and some o > 1

l1—0o

/w’l/("’l)dx < 00, esssup w(z) < C3pn(071) /W_ﬁdfﬂ : (3)

Q
Qp v $2p

Here Q, = QNB,, B, = {z : |z| < p}, ¢; are positive constants dependent only
on the problem data. In particular, it follows from conditions (3) that w € A,

([10]), i.e

o—1

1
/wdx /w_ﬁdx < cyp". (4)

Q, Q,

The following estimate also follows from (3)

ess sup w(zr) < czp " /wdx : (5)

€N
z€Q)p 3,

Furthermore, assume that

w($2s) < ¢ (Z)M 7 (©)

p<1l4p/n,forany s > h >0, where w(§) = [ w(z)dx.
Qs
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2 Some definitions and auxiliary results

We'll describe geometry of 2 by means of the non-linear basic frequency Ab(r)
of the cross section S,
-1

(r) = inf /|ng|pds /\vv’ds , (7)

Sr Sr

where the lower bound is taken on all continuously differentiable in some vicin-
ity of S, functions vanishing on 0€2; Vgv(x) is a projection of the vector Vu(x)
on a tangential plane to S, at the point z. For p = 2 the number \3(r) is the
first eigenvalue of Beltrami-Laplace operator on S,., for p # 2 AD(r) was studied
in various papers. Some examples of calculation, or its lower estimates for a
number of specific sets are for example in [11].

By W/, (€2) we denote a closure of the functions from C™(Q) with respect
to the norm

1
el ) = ( [w@) ¥ \Daur*’dx)

Q la|<m

oW 7, is a closure of the functions from Cg°(€2) to W (€2).
We say that the function u(z) € oW 7 () is a generalized solution of the
Dirichlet problem for equation (1) if the following integral identity is fulfilled

for an arbitrary function n(z) € C§°(12)

> Aa(m,u,...,Dmu)Dandx:/ > F.(z)Dndx. (8)

Q lel<m Q lal<m

We’ll divide the considered domains into two classes. The first class is
"narrow” domains whose complement in the vicinity of the point 0 is suffi-
ciently massive, for example it contains some cone with a vertex at this point.
In the terms of frequency of set this class of domains satisfies the condition
A)rAy(r) > dy >0, Vre (0,r), ro>0.

The second class contains ”"wide domains” , i.e. such that have ”inwards
cusp” at the point 0. In the terms of frequency of the set this class of domains
is described as following
B)rA,(r) < dy < 0o, Vr e (0,r).

Determine the function ¥ (r) on (0,ry) by the inequality

inf — A(z)(r — rg(r))w(@) = p >0, (9)
r(r)<lz|<r
where 1 is such that 0 < 1—c¢g < ¥(r) < 1. For monotonically decreasing func-
tions \,(r) (we meet them in applications) inequality (9) accepts the following
form

rAp(r) (1 = ¥(r)w(@) > p, for o(r) =1—1(r) = pw™ () (rA,(r)) . (10)
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Consider the distance function from the point z to 92 — g (z) = p (z, 09Q).
It is known that 36 > 0 such that I's = {z: 0 < p(z,00) <6}, g(x) € C™,
Vg (x)] = 1. Furthermore, it follows from [5] that

Vg (2)] <ho(g (@)™, Vo ely j=Tm. (11)

Denote Q, =QnN{x:g(x) <r}

For an arbitrary I' C 9€2 by oW 7 (§2,T') we denote a closure in the norm
W, () of the set of functions from C (€2) vanishing near 9Q\I'. We'll say
that u(z) € oW 1, () if u(z) € oW (Q,00\09) for any subdomain
Y C Q such that TN oY = 0.

Let u(z) € oW 1 (€2,T') be a generalized solution of equation (1), i.e. u ()
satisfy integral identity (8) for any function n (z) € C§° (), Q' C Q, I'NoQY =
0.

Formulate some auxiliary lemmas.

Lemma 2.1 Let I (r) be a non-negative non-increasing on the interval (0,19),
ro > 0 function satisfying the condition

I(r)y<O0I(re(r)+G(re(r)), 0<6<1, (12)
where € (1) is a measurable function, 0 < cq < e (r) < 1 is such that
K= (@) 're(r) <t <rinfo(r)>v>0, o(r)=1—c(r), (13)

and G (1) is measurable and locally bounded. Then the following alternative is
valid. Either I (r;) < c;G (r;) for some sequence r; — 0, or I (r) sufficiently
rapidly grows as r — 0, exactly

70

I(r) > crexp (csl/ln (0+5)_1/7_(1il7_€(7_))) I(ro), 0<d<1—0, (14)

where c7,cg > 0 are constants. In particular, the last estimate also holds in
the case of boundedness of G (r) for any unbounded function I (r) satisfying
condition (12).

T

Lemma 2.2 Let I (r) be a non-negative non-increasing function on the in-
terval (0,79) satisfying the condition

I(r)<(—=p)I(re)+p(r)G(re), 0<e<l1, re(0,r), (15)

where ¢ (1) is a measurable function and 0 < ¢ (r) < c¢o < 1,Vr € (0,79). G ()

18 measurable and locally bounded. Then the following alternative is valid for
I(r).
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1. Either for some sequence r; — 0 the estimate
I(r;) < oG (15), €9 <00

18 fulfilled;
2. or I (r) rapidly grows as r — 0, ezxactly,

1—96
Ine-t

I(r) zcwexp( /gp(:_)dT) I(rg), VY6 >0, ¥Yr € (0,7r9), 1o =10(0),

(16)
where @ (r) is an arbitrary continuous, non-decreasing function satisfying the
inequality @ (r) < ¢ (r), Vr € (0,79).

3  The behaviour of integral energy

Now we study behaviour of I (r) for small r.

Theorem 3.1 Let u(xz) € oW 7! ,,.(Q2,T) be a generalized solution of the
Dirichlet problem for equation (1). Suppose that the coefficients of the equa-
tion satisfy condition (2), the domain Q) satisfies the condition A). 1 (t) be a
measurable function satisfying conditions (9), and let for the function K (r)
estimate B) be fulfilled with respect to ¢ (r) = 1 — 4 (r). Then the following
alternative is valid for I (r):

1. Either I (r;) < c11 (14 G (r;)) for some sequence r; — 0, where ¢11 < 00
18 a constant;

2. or I (r) grows rapidly as r — 0, exactly

o

I(r) > c12 () exp (couln (ko + 7)_1/

r

dr
7o (1)

), Vr<ry=ry(y), (17)

where kg is some constant.

Proof. Substitute the test function n (z) = u (z) (1 — &y (1719 (x))) into
integral identity (17). For simplicity, we'll assume that the solution u (z,t) is
sufficiently smooth. Therefore we admit some formality in reasonings. Since,
these reasonings may be precise by passing to a regularized problem by the
known method (see [12]) and later tending the regularization parameter to
zero we'll obtain the result for generalized solution. Continuing the proof of
the theorem, we use condition (2) and get

/ w(x) |D"ul’ do <
Q.
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sk (2) 3 (D%l Y S0 Dol [D%] 4

N, [ ol <m ol <m 8] <ol

+ 3 2 1L @I| D] |D%| dat

la|<m |B|<|al

v+

Qro \ Q)

kow (z) - Dl + kyw () Y |Du’! x

la|<m—1 laf<m

x> D%+ Y |fe (@)Dl + fi(2)

|| <m—1 la|<m

Edr+

o ] [t 5 e ehsn 3 e

Q\Q2rg || <m—1 lo|<m
x> D+ o [f@) D%l + fi (ﬂf)} Ed. (18)
|a|<m—1 la|<m

Notice that we are in the class of domains for which A, (r) = oo as r — 0,
consequently for any § > 0 there exists rqg = 7o (J) such that for any r < rg
Ay (r) > 071 Using the Young inequality with e, from (18) we get

L(r) < (r (r)) = I(r)] (k;g (1- )7 + ;) +(p—1)eT7kyx

m—|a]

< [T @I T (g @) e+ [ () = 1 ()] %

A\ () la|<m

X<k5+€>+[(r0)<k6+€>+<p_l>€l_px
p p

p

m—|al

S R @ T (g (@) de + | i (%‘)\] dr.  (19)

>< [
Q\Qrw(r) |a|<m

Denote G (r) = [ [ > |fe (96)|"%1 .)\;”;:'f‘p (9 (x)) dae+ | f1 (z)]] dz.

O\Q, [|a|<m
Then from (19) we get

L(r) < a(d,e) I (r(r)) + Al (ro) + B1G (ry (1)), (20)

where «, Ay, B; are some constants that are exactly calculated and ag =
a(0,0) < 1. Thus, from (20) and Lemma 2.1 we get the proof of the the-
orem.
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