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Abstract

In this paper, we present the least value o and the greatest value
such that the double inequality

aG(a,b) + (1 — @)Q(a,b) < M(a,b) < G(a,b) + (1 — B)Q(a,b)
holds for all a,b > 0 with a # b, where G(a,b), M(a,b) and Q(a,b) are
respectively the geometric, Neuman-Sandor and quadratic means of a

and b.
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1 Introduction

For a,b > 0 with a # b the Neuman-Sandor mean M (a, b)[1] was defined by

a—2>b
M(a,b) =
’ —b.’ 1.1
2sinh_1(z+ 2) (L.1)

where sinh ™' (x) = log(x + v/1 + 22) is the inverse hyperbolic sine function.
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Recently, the Neuman-Sandor mean has been the subject of intensive re-
search. In particular, many remarkable inequalities for the Neuman-Sandor
mean M (a,b) can be found in the literature [1,2].

Let H(a,b) = (2ab)/(a +b), G(a,b) = Vab, L(a,b) = (a — b)/(loga —
logh), P(a,b) = (a —b)/(4arctan,/a/b — ), A(a,b) = (a +0)/2, T(a,b) =
(a — b)/[2arctan(a — b)/(a +b)], Q(a,b) = /(a® +?)/2, and C(a,b) = (a® +
b*)/(a + b) be the harmonic, geometric, logarithmic, first Seiffert, arithmetic,

second Seiffert, quadratic, and contra-harmonic mean of a and b, respectively.
Then

min{a, b} < H(a,b) < G(a,b) < L(a,b) < P(a,b) < A(a,b)
< M(a,b) < T(a,b) < Q(a,b) < C(a,b) < max{a,b}
hold for all a,b > 0 with a # b.
In [3], Neuman proved that the double inequalities
aQ(a,b) + (1 = a)A(a,b) < M(a,b) < fQ(a,b) + (1 = f)A(a,b)  (1.3)
and
AC(a,b) + (1 — M) A(a,b) < M(a,b) < uC(a,b) + (1 — p)A(a,b) 1.4)

hold for all a,b > 0 with a # b if and only if a < [1 — log(1 + v/2)]/[(V/2 —
log(1 + v2)] = 0.3249---,8 > 1/3,XA < [1 — log(1 + v/2)]/log(1 + v/2) =
0.1345- - and p > 1/6.

In [4], Li etc showed that the double inequality

L,,(a,b) < M(a,b) < Ly(a,b) (1.5)

holds for all a,b > 0 with a # b, where L,(a,b) = [(a?™ — "1 /((p+ 1)(a —
W)]YP(p # —1,0), Lo(a,b) = 1/e(a®/b*)/(@=% and L_,(a,b) = (a —b)/(loga —
log b) is the p-th generalized logarithmic mean of a and b, and py = 1.843 - -
is the unique solution of the equation (p + 1)/ = 2log(1 + v/2).

In[5], Chu etc proved that the double inequalities

arL(a,b) + (1 — a1)Q(a,b) < M(a,b) < p1L(a,b) + (1 — 51)Q(a,b) (1.6)
and
asL(a,b) + (1 — a)C(a,b) < M(a,b) < ByL(a,b) + (1 — B2)C(a,b) (1.7)

hold for all a,b > 0 with a # b if and only if a; > 2/5, 6, < 1 —1/[v/2log(1 +
V2)] = 01977+, as > 5/8 and B, < 1 — 1/[2log(1 + v/2)] = 0.4327 - - -.
The main purpose of this paper is to find the least value o and the greatest
value [ such that the double inequality
aG(a,b) + (1 — @)Q(a,b) < M(a,b) < G(a,b) + (1 — f)Q(a,b)

holds for all a,b > 0 with a # b.

(1.2)
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2 Lemmas

In order to establish our main result we need several lemmas, which we present
in this section.

Lemma 2.1 Let f(z) = 1/vV/1+ a2, g(x) = 1/vV1—22%, h(z) = V1 — a4,
and k(x) = 1/v/1 — x*. Then the inequalities

2 2 3

x x 4
1—7<f(x)<1—7+§x, (2.1)
o) > 14+ %, 22
hz) <1 %4 (2.3)

and .
k(z) > 1+ % (24)

hold for all z € (0,1).

Proof. The first inequality in (2.1) is known (see [5, lemma 2.1]). The second
inequality in (2.1) and the inequalities (2.2), (2.3) follow in turn from the
inequalities

x? 3 4 2 2 28 2/ 92
(1-5+5) ~FO= sy gy
+4(10 — 622)] > 0,
g*(x) — (1 + %2> = 4(%4352)@2 +3) >0, (2.6)
and 2 .
(1 - %) — R2(z) = % >0 (2.7)

for all x € (0,1). Making use of (2.2) with x replaced by x? the inequality
(2.4) is obtained.

Lemma 2.2 (see [5, lemma 2.4]) Let p(x) = x/[V/1+ 22 (sinh_l(:):))z] —
1/sinh™'(x). Then the inequality

x 17 4
ot 2.8
o(r) < 3 + 9036 (2.8)

holds for all z € (0,1).
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Lemma 2.3 Let ¢(x) = log(x + V1 4 22). Then the double inequality

3

T — % <Y(xr) <z (2.9)
holds for all z € (0,1).
Proof. Let X
x
(@) = Y() = (v = =) (2.10)
Then simple computations lead to
gcliirg+ U (z) =0, (2.11)
and
v = 2 - ) 212
z)=—m——-(1-—). :
! V1+ 2?2 2
Making use of the first inequality in (2.1) for (2.12) cause the conclusion that
1 1
U (x) > = 0. (2.13)

Vita? Jita?

for z € (0,1). Therefore, the first inequality in (2.9) follows from (2.10) and
(2.11) together with (2.13).
Let ¥o(x) = x — ¢(x). Then from liréq+ o(z) = 0 and Yh(z) = 1 —
T—

1/v/1+ x2 > 0 the second inequality in (2.9) is obtained.
Lemma 2.4 Let A =1—1/[v2log(1 + v2)| = 0.1977--- and

F(z) = 4 2! +2(37T\ — 2)z1* + (41 — 36)\) 2! + 2(129\ — 65)21°
+4(46 — 1250) 28 — 2(170\ + 29)2°® — (120 + 161)a* (2.14)
+16(12 — 37A\)z? + 16(5\ — 4).

Then the inequality
F(z) <0 (2.15)
holds for all z € (0,1/2].
Proof. Making use of the transform z? = 1/t (t € [4,+00)) for F(x) we

get
F(z) =t %F(t), (2.16)

where
Fi(t) = 16(5\ — 4)t® +16(12 — 37\)t7 — (120X + 161)t°

—2(170\ + 29)t° + 4(46 — 125\)t* + 2(129\ — 65)t° (2.17)
+(41 — 36\)t% + 2(37TA\ — 2)t + 4.
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Simple calculations of derivative yield

F{(t) = 2[64(5X — 4)t7 4+ 56(12 — 37\)t6 — 3(120\ + 161)t°
—5(170\ + 29)t* + 8(46 — 125\)¢% + 3(129\ — 65)¢2 (2.18)
+(41 — 36M\)t + (37X — 2)],

Fl(t) = 2[448(5X — 4)t° 4 336(12 — 37TA)t°> — 15(120\ + 161)¢*
—20(170\ + 29)t% + 24(46 — 125X\)t2 + 6(129\ — 65)¢ (2.19)
+(41 — 36))],

FU'(t) = 12[448(5\ — 4)t° 4+ 280(12 — 37A\)t* — 10(120\ + 161)#3

Z10(170) + 29)2 + 8(46 — 125\)¢ + (129X — 65)], (2.20)

FO() = 24[1120(5) — 4)t* + 560(12 — 37A)¢3 — 15(120\ (2.21)
+161)2 — 10(170\ + 29)¢ + 4(46 — 125))],

FP(t) = 240[448(5X — 4)t3 + 168(12 — 37\)¢2 (2.22)

—3(120A + 161)¢ — (170 + 29)],

FO(t) = 720[448(5) — 4)1? + 112(12 — 37A\)t — (1201 + 161)]  (2.23)

and
F1(7)(t) = 80640[8(5A — 4)t + (12 — 37N)]. (2.24)

Noticing that 0 < A\ < 1/5, from (2.17)-(2.24) we have

Fy(4) = —4[(1351973) + 432000)] < 0, (2.25)
Fl(4) = —2[(3888187\ + 1952910)] < 0, (2.26)
FI'(4) = —2[(4278668) + 3850479)] < 0, (2.27)
FI"(4) = —12[(466271\ + 1081121)] < 0, (2.28)
FM(4) = 96[17855) — 189104] < 0, (2.29)
F™(4) = 720[14098) — 28131] < 0, (2.30)
F9(4) = 720[19144) — 23457] < 0, (2.31)
and
F(t) < —967680(2t — 1) < 0 (2.32)

for all t € [4, +00).

From(2.32) we clearly see that F\°(t) is strictly decreasing in [4, +00).
Therefore, the conclusion of lemma 2.4 follows easily from (2.25)-(2.31) and
(2.16) together with the monotonicity of P9 (t).
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Lemma 2.5 Let A =1—1/[v2log(1 + v2)| = 0.1977 - and

H(x) = 8\z' +12(14)\ — 3)2'2 4+ 15(11 — 210) 2% + (809
—403)2® 4 (707 — 1773)\) 2% + 3(361\ — 271)x* (2.33)
+4(127 — 335)\) 2% + 32(5\ — 4).

Then the inequality
H(z) <0 (2.34)

holds for all x € (1/2,1).
Proof. Let 22 =t (t € (1/4,1)). Then

H(x) = 8AM7 4 12(14\ — 3)t5 + 15(11 — 21A)t5 + (809X — 403)t*
(707 — 1773M)3 + 3(361A — 271)t2 + 4(127 — 335A)t

+32(5\ — 4) (2.35)
Simple calculations of derivative yield
Hi(t) = B6A% 4 72(14\ — 3)t° 4+ 75(11 — 21\)t* + 4(809\ — 403)¢? (2.36)
+3(707 — 1773\t + 6(361\ — 271)t + 4(127 — 335)), '
HY(t) = 6[56At° + 60(14X\ — 3)t* 4+ 50(11 — 21N)t3 + 2(809\ (2.37)
—403)t? + (707 — 1173\)t + (361X — 271)], '
and
H"(t) = 6[280At* + 240(14X — 3)t2 + 150(11 — 21\)#2 (2.38)

+4(809X — 403)t + (707 — 1173)].

Whereafter, making use of the transform ¢ = 1/u (u € (1,4)) for H{"(t) one
has

H!"(t) = 6u™*Hy(u), (2.39)
where
Hy(u) = (707 — 1173\)u* + 4(809\ — 403)u® + 150(11
“21A)u? + 240(14) — 3)u + 280). (2.40)
Again calculations of derivative result in
Hy(u) = 4[(707 — 1173)\)u? + 3(809\ — 403)u? (2.41)

F75(11 — 21N\)u + 60(14X — 3)],

HY(u) = 12[(707 — 1173\)u® + 2(809A — 403)u + 25(11 — 21X)],  (2.42)

and
Hy'(u) = 24[(707 — 1173\)u + (809\ — 403)]. (2.43)
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Noticing that 49/250 < A < 1/5, from (2.35) — (2.37) and (2.40) — (2.43) one
has

. 45 .
i H(1) = =51 (6018) +1920) <0, lim Hi(t) = =1200A <0, (2.44)

4

1
lim H{(t) = — (108486 — 555791)) < 0,
1

51 512 (2.45)
lim H(t) = —1768) < 0,
t—1—

lim H(t) = %(74?»\ —17502) <0, lim HY(t) =3120> 0, (2.46)
lim

t—){r 6

lim Hs(u) = 1953\ 425 > 0, (2.47)
u—1t

lim Hj(u) = 4(143 — 81)) > 0, (2.48)

u—1+

lim HY(u) = 96(22 — 85)) > 0, (2.49)

u—1t

and

HY(u) > 24[351u — 247] > 0 (2.50)

for all v € (1,4).

From (2.50) we clearly see that HY(u) is strictly increasing in (1,4). Thus
Hy(u) > 0 for u € (1,4) follows from (2.47)-(2.49) and the monotonicity of
H}(u). From (2.39) and Hy(u) > 0 we know that H{"(¢) > 0 for t € (1/4,1),
hence H{(t) is strictly increasing in (1/4,1). It follows from (2.46) together
with the monotonicity of H (t) that there exists ty € (1/4, 1) such that HY (t) <
0 fort € (1/4,ty) and H{(t) > 0 for t € (to, 1), thus H{(¢) is strictly decreasing
in (1/4,1) and strictly increasing in [tg, 1). From (2.45) and the monotonicity
of H{(t) we affirm Hi{(t) < 0fort € (1/4,1), so that H;(t) is strictly decreasing
in (1/4,1). Therefore, the inequality H(z) < 0 follows from (2.44) and (2.35)
together with the monotonicity of Hi(t).

3 Main Results

Theorem 3.1 The double inequality

aG(a,b) + (1 — a)Q(a,b) < M(a,b) < fG(a,b) + (1 — B)Q(a,b) (1)

holds for all a,b > 0 with a # b if and only if « > 1/3 and f§ < 1 —
1/ [V2log(1 + v2)| = 0.1977 -
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Proof. Without loss of generality, we assume that a > b > 0. Let x =
(a—b)/(a+b)€(0,1)and A =1-1/[v2log(l + v2)| = 0.1977---. Then

G(a,b) M (a,b) x Q(a,b)
— V-2, , = V1722 1
Aa,b) " A(ab)  sinh (z) Ala,b) L (3:1)
Firstly, we prove that
1 2
gG(a, b) + gQ(a, b) < M(a,b). (3.2)
Equations (3.1) lead to
G(a,b) | 2Q(a,b)  M(a,b)
3A(a,b)  3A(a,b)  A(a,b)
I g SR s x (3.3)
= —v1—=x + = 1 + x° — BPSTIS VR
3 3 sinh™ (z)
= d(x)
Simple computations yield
lim d(z) =0, (3.4)

z—0t

and
2x 1

X
— _l_ —
3v1 — xQI 3vV1+22 sinh'(2)

+ 2
V1422 lsinh_l(x)}
= Zef(e) - 320(2) + o),

(3.5)

where f(x),g(x) and p(z) are defined as in Lemma 2.1 and Lemma 2.2, re-
spectively.
From (3.5), lemma 2.1 and lemma 2.2 one has

2 e 1 x2 r 17
d < Zx(l—"4 2 — (14— —Dp g8
(7) 3:5(3 2;—856) 3x(+2)+( 3+90x)
x x (3.6)
= —F1-5)
2 60

< 0

for all z € (0,1). Therefore, inequality (3.2) follows from (3.3) and (3.4)
together with (3.6).
Secondly, we prove that

AG(a,b) + (1 —N)Q(a,b) > M(a,b). (3.7)
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Equations (3.1) lead to

AG(a,b) n (1-XNQ(a,b) M(a,b)

A(a,b) A(a,b) A(a,b) .
— WT? (I =AV1+a22— sz T VT (3.8)
- log(z + /1 + 22)’

where

D(z) = [WT=22+ (1 = W1+ 22| log(z + VI +27) — x. (3.9)

Some tedious, but not difficult, calculations lead to

lir(lgl+ D(z) =0, liI{{ D(z) =0, (3.10)
D'(x) = x< -4 )10 (x +V1+2?)
+M -\ .
i
lirgl+ D'(z) =0, lir?i D'(x) = —o0, (3.12)
D"(x) = L= A log(x + V1 + 22)
o (1 + x2)3/2 (1 _ 932)3/2 g (3 13)
(349 N (1- Nz '
(1+22)V1—2* 1422
1iIgl+ D"(x) =0, lir?i D"(x) = —o0, (3.14)
1 27 (1 =\ A 10+1 3 3\ 21\
iy = TR A )20 33 2D
3 2 \5 19 8\{5 3 10 10 105
N -2 & 10(\/qu) 3 3 21 (315
2 |5v10  8v2 ] B 3 10 50 50v5
= 0.1976 > 0,
D"(z)= -3z L=A A log(z + V1 + 22?)
o (1 + 932)5/2 (1 _ x2)5/2 g

)\(1’6 48t — 22 4 4) (1 — )\)(2 _ :172) (3.16)

- (14 22)(1 — z4)3/2 (14222
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and

4 (1—=MN)(42?—1) A4z®+1) -
DW(z)= 3 TR R = log(z + V1 + 2?)

 Aw(22° + 3325 — Tt + T5a® - 7)
(14 22)(1 — a*)5/2
(1 —N)z(22* — 13)
(1+22)3

(3.17)

In order to discuss D™ (z) is positive or negative, we divide the range of
variable z into two intervals (0,1/2] and (1/2,1).
For z € (0,1/2], (3.17) is rewritten into

@ (p) — (1—\)(422 —1) o A4x? +1) . .
R e R TR
TAr(1+ 2 B Ar3(22% 4 332* + 75)

(14 22)(1 —24)3 (z) (1+22)(1 — a)2 k(z)  (3.18)
(1 —N)x(22? — 13)

(14 22)3 ’

where f(x),g(x),¥(z), h(z) and k(x) are defined as in Lemma 2.1 and 2.3,
respectively. From (3.18), lemma 2.1 and lemma 2.3 one has

.y (1—X)(4z% —1) 22 AN4x? +1) 73
D@ < 3| ey - o |07 )
_)\:)33(2:176 + 3321 + 75) 1+ x_4) TAz(1+ %) .
(Ara?)(l—zt)? = 27 (I+a?)(1-a)  (3.19)
(1- x_) N (1 —XN)az(22* — 13)
27 (1+2?)3
= F(x),

11+ 22)4(1 — 228

where F(z) is defined as in lemma 2.4. It fllows from (3.19) and lemma 2.4
that
DW(z) < 0. (3.20)

For x € (1/2,1), (3.17) is rewritten into
e o [= N = 1) Mda? + 1)
DW(z)= 3 1+ 27 f@)y(x) — mg(x)w(x)
_A:l?(?(ts + 3326 — 7ot + 7hx% — 7) k() (3.21)

(14 22)(1 — 2)?
(1 — Nz (222 — 13)

(14227
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where f(z),g(x),h(z) and ¥ (z) are defined as in lemma 2.1 and 2.3, respec-
tively. From (3.21), lemma 2.1 and lemma 2.3 together with the fact that

22% +332% — T2 + 752* — 7 > 2(0)® +33(0)° — 7- 1"+ 75(1/2)* =7 = 19/4 > 0,

one has
D) < s - 5 2o - s
EE)CE—-EEH | Ax(22° 4 332° — Tt £ 752 7).
2 6 (1 +22)(1 — )2 (3.22)
rt (1= N)az(222 — 13)
s L (S ¢

where H(x) is defined as in Lemma 2.5. It follows from (3.22) and Lemma 2.5
that
DW(z) < 0. (3.23)

Synthesizing the above two cases we affirm that D™ (z) < 0 for all z €
(0, 1), hence the function D”(x) is concave in (0,1). It follows from (3.14) and
(3.15) together with the concavity of D”(x) that there exists xy € (0,1) such
that D”(x) > 0 for z € (0,29) and D"(x) < 0 for x € (zo,1), hence D'(z)
is strictly increasing in (0, ) and strictly decreasing in [zo,1). From (3.12)
together with the monotonicity of D’(z) we know that there exists z; € (79, 1)
such that D'(x) > 0 for x € (0,21) and D'(z) < 0 for z € (z1,1), so that D(x)
is strictly increasing in (0, z;) and strictly decreasing in [z1,1). It follows from
(3.10) together with the monotonicity of D(z) that

D(z) > 0 (3.24)

for all x € (0,1). Therefore, the inequality (3.7) follows from (3.8) and (3.24).
At least, we prove that 1/3G(a,b) 4+ 2/3Q(a,b) is the best possible lower
convex combination bound and AG(a,b) + (1 — A\)Q(a, b) is the best possible
upper convex combination bound of the geometric and quadratic means for
the Neuman-Sandor mean.
From equations (3.1) one has

Q(a,b) — M(a,b) V1+z?log(x +V1+2?) —x
Q(a,b) — G(a,b) (\(/1)+ 22 — /1 —22)log(z + /1 + 22) (3.25)
= B(z).

It is easy to calculate that
1
lim B(z) = 3 (3.26)

z—0t



94 Liu Chunrongl and Wang Jing2

and
lim B(x) = A\ (3.27)

rz—1~

If @ < 1/3, then equations (3.25) and (3.26) lead to conclusion that there
exists 0, = d;(a) € (0,1) such that M(a,b) < aG(a,b) + (1 — a)Q(a,b) for
(a—0b)/(a+0b) € (0,0).

If p > A, then equations (3.25) and (3.27) imply the conclusion that there
exists 0o = d2(8) € (0,1) such that M(a,b) > BG(a,b) + (1 — B)Q(a,b) for
(a—0b)/(a+b) € (l—0b1).
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