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Abstract

In this paper, we continue to study the structure of four dimensional
3-Lie bialgebras. we obtain that there exist seven classes 3-Lie bialge-
bras of types (Lc,;,Cy,), for 1 < 3,1 < j < 2 (Theorem 3.2). And
thirteen classes 3-Lie bialgebras of types (ch.,C'cj), for 1 < 4,5 <3
(Theorem 3.3).
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1 Preliminaries

A 3-Lie algebra [1] is a vector space L endowed with a linear multiplication
i L™ — L satisfying that, for all z,y, z,u,v € L,

p(u, v, (Y, 2)) = p(z,y, p(u, v, 2))+ply, 2, p(u, v, 2)) +p(z, 2, p(u, v, y)).

For defining 3-Lie coalgebras, we need to define following linear maps

wWi:LOLXILRXLRXL—-LRLX®L®L®L, 1<1<3, by

wl(xl ®ZL’2®I’3®ZL’4®ZL’5) =T3Q024 QT Q Ty X Ts,

WQ(ZL'l ®ZL’2®I’3®ZL’4®ZL’5) =21 Q025 QT Q Ty X T3,

wW3(T1 ® Ty RT3 R Ty Qx5) = T5 QT3 R T] ® Ty @ 2y.

A 3-Lie coalgebra (L,A) [2] is a vector space L with a linear map A :
L — L ® L ® L satisfying

Im(A)CLALAL,and (1 —w; —ws —ws3)(1®@1® A)A =0.
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Let (L1, A;) and (L, Ay) be 3-Lie coalgebras. If there is a linear isomor-
phism ¢ : Ly — Lo satisfying (¢ ® ¢ @ ¢)(A1(e)) = Ag(p(e)), for all e € Ly,
then (L1, A;) is isomorphic to (L2, Ag), and ¢ is called a 3-Lie coalgebra iso-
morphism, where (. ® ¢ ® ¢) S(a © b, ® &) = 3 plar) © p(b) ® @(cy)

A 3-Lie bialgebral2] is a triple (L, y, A) such that
(1) (L, p) is a 3-Lie algebra with the multiplication p: LA LAL — L,

(2) (L,A) is a 3-Lie coalgebra with A: L - LALAL,
(3) A and p satisfy the following identity, for x,y, u, v, w € L,

Ap(z,y, 2) = adP (z,y)A(2) + adP) (y, 2) A(x) + adP) (2, 2) Aly),
where adf’)(x,y), adff’)(z,x), adl(f’) (y,2) : L®L®L — L®L® L are linear
maps defined by (similar for ad(?)(z, z) and ad() (y, z))

adP (z,y)(u®@v©w) = (ady(z,9) @1 1) (u@ v @ w)
+(1®ad,(z,y) @) (u@vw)+ (1®1®ad,(z,y))(u® v w)
= pu(r,y,u) Qv w+uQ pu(r,y,v) Qw +u v u(r,y,w).

Lemma 2.1[1] Let (L,p) be a 4-dimensional 3-Lie algebra with dim L' # 0,2,
and eq,eo,e3,e4 be a basis of L. Then L is isomorphic to one and only one of the
following

Lbl.,u(eg, €3, 64) =e1. Lb2.,u(el, €9, 63) = e1.

La. palez, e3,eq) = e1, paler, e3, ea) = ez, pua(er, €2, ea) = e3.

Le. pe(e2,e3,e1) = e1, pie(e1, e3,e4) = ea, pie(er, e, e4) = €3, pe(e1, €2, €3) = eq.

2  3-Lie bialgebras of types (L., () and (L., C,)

First We give the classification of 3-Lie coalgebras of the types (L,C}) and (L, C.).

Lemma 3.1 [3][4] Let (L, A) be a 4-dimensional 3-Lie coalgebra with m-dimensional
derived algebra (m < 2), and e', €%,e3, e* be a basis of L. Then L isomorphic to
one and only one of the Cy, = (L, Ap,) and Cp, = (L, Ay,), Cey = (L, A¢,),Ce, =
(L’ Acz): 003 = (L’ ACS)’

Chy- Ap (eh) =2 ne3 net; Cp,. Apy(er) = et Ne? Ae?;

Co. Ay (et =2 A net, Ay (e?)=el nedAety
Coy. Ay(e) =ae? N3 Net) Ay () =2 ned Net el ned Aety

Coy. Agg(eh) =et A3 net, A (e?)=e2Anednet;ae Fa#0.

For convenience, in the following, for a 3-Lie bialgebra (L, pu,A), if the 3-Lie
algebra (L, u) is the case (L, ;) in Lemma 2.1 and the 3-Lie coalgebra (L, A) is
the case (L, Ap) and (L, A;) in Lemma 3.1, then the 3-Lie bialgebra (L, p.,, Ap) and
(L, tte;, Ac) are simply denoted by (Le,, Cp) and (L,,, C.), which are called the 3-Lie
bialgebras of type (L., Cy), and (L., C.), respectively.

For a given 3-Lie algebra L, in order to find all the 3-Lie bialgebra structures on
L, we should find all the 3-Lie coalgebra structures on L which are compatible with
the 3-Lie algebra L. Although a permutation of a basis of L gives isomorphic 3-Lie
coalgebra, but it may lead to the non-equivalent 3-Lie bialgebra.

Theorem 3.2 The only non-equivalent 3-Lie bialgebras of the types (Lci,ij)
fori=1,2,3, j =1,2 are as follows:



3-Lie bialgebras (L, Cy) and (L, C.) 361

(Lcl, Cbl, ) Al(eg) =e1 N e A ey. (Lcl,C’bQ, Ag) A2(€3) =e3 Ney N es.
(ch, Cb17A1) Al(eg) =e1 Nex Ney. (ch, CbQ, Ag) Ag(eg) =e3 Ney Nes.
(LCS, Cbl, ) Al(eg) =e1 N e A ey. (LCS, Cbl,Ag) A5(€1) =ex Neg N ey.

(LC3, Cb2, Ag) Ag(eg) =e3/Nep Nes.

Proof From Lemma 3.1, we need to verify that whether the following eight 3-
Lie coalgebras of type C},, which are obtained by permuting the basis ej, e, €3, €4,
are compatible with the 3-Lie algebra L., i = 1,2, 3, respectively,

(1) A(er) =e2NesNes; (2) Aler) =eaNegNes;

(3) A(eg) =e1 Neqg N es; (4) A(eg) =e1 Nesg N ey;

(5) Afes) =e1 ANeaANeq; (6) Ales) =e1 Aeg A es;

(7) A(e4) =e1 Negx N es; (8) A(e4) =eg Nep Nes.

By a direct computation, only cases (5), (6), (7) and (8) of the type Cjp, are
compatible with the 3-Lie algebra L., , the cases (5), (6), (7) and (8) of the type C,
are compatible with the 3-Lie algebra L.,, and the eight cases of the type Cj, are
compatible with the 3-Lie algebra L.,.

Thanks to the following isomorphisms of the 3-Lie algebra L.,, f : L — L, where

(Ley, Coy ) (5) = (6),(7) — (8) : fler) = ea, fe2) = e1, f(e3) = e3, f(ea) = eq;
(5) = (8) : f(e1) = —e1, f(ea) = e2, f(e3) = eu, f(ea) = es;
(Ley, Cpy )z (5) — (8),(6) — (7 ) fle )—61,f(62)—ez,f(es)z—e4,f(64)—63;
(5) = (6) : fer) = — Tmee, fle2) = \/_€1+\/—€27 (e3) = —v/—1es,
f(€4)=\/_€4,
(Les, Coy) = (1) = (2) = fler) = ex, fe2) = —ea, f(e3) = e3, f(e) = e4;
(1) = (3), (() e (4 ) ( ) = (6) : f(e1) = e2, f(e2) = e1, f(e3) = e3,

(5) = (8),(6) — (7) f(el) = e1, fe2) = ea, f(e3) = e4, fles) = —es;
we get the non-equivalent 3-Lie bialgebras (L., , Cp,, A1), and the non-equivalent 3-
Lie bialgebras (L, , Ch,, A1). Since es is not contained in the derived algebra of the 3-
Lie algebra, we get the non-equivalent 3-Lie bialgebras (Lc,, Cy, A1), (Leg, Chy , A3).
By Lemma 3.1, we need to verify that wether the twenty fourt isomorphic 3-Lie
coalgebras of the type Cj, are compatible with the 3-Lie algebra L., i = 1,2,3,
respectively, (we omit the zero product)

(1) Ae; = e1 A e A es,
(4) Aer = e1 Neg A es,
(7) Aey = eg A eq A e3,
(10)A62 =eg Nesg Ney,
(13)A€3 —=e3NepNeg,
(16)A€3 —e3Nex Ney,
(19)Ae4 =eq4 Nep Neg,
(22)A€4 —eq4 Neg Neq,

(2) Aep = e1 Nea A ey,

(5) Aer = e1 Aeg A eo,
(8) Aey = eg Nep A ey,
(11)A62 =eg Neg Neq,
(14)Aes = e3 A eg N ey,
(17)A€3 —=e3NeqgNeq,
(2O)Ae4 =e4q4 Nep Nes,

(23)A€4 —=eq4 NesNeq,

(3) Ae; = e1 Aesg A ey,
(6) Aer = e1 Neg A egs,
(9) Aeg = eg A eg A ey,
(12)A62 =eg Neqg N es,
(15)A€3 —=e3 Nex N ey,
(18)A€3 —=e3NegNes,
(21)Ae4 =-e4 Neg N es,
(24)A€4 =eq4 N esg N es.

By a direct computation, only cases (13), (16), (19) and (22) of the type Cj, are
compatible with the 3-Lie algebra L.,, L,, and L.,, respectively.
Thanks to the following isomorphisms of the 3-Lie algebra
(Ley s Cry) (13) = (22), (16) — (19) : f(e1) = —e1, f(ea) = €2, f(e3) = ea, f(ea) = e3;
(13) = (16) : fle1) = —ex, f(e2) = €2, f(es) = e3, f(ea) = —eu;
(Ley, C,) (13) = (19), (16) — (22) : f(es) = ea, fea) = —es, f(ei) = €;,i = 1, 2;
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(13) — (16) : f(e1) = ﬁem (e2) = Vaer + f€2af(ei) = ez‘,i =3,4
(Les Co): (13) = (16),(19) = (22) : f(ex) = e, fe2) = ex, fer) = sy = 1,2
(13) — (19) : f(el) = el,f(eg) = eg,f(eg) = 64,f(€4) = —e3;
the non-equivalent 3-Lie bialgebras are (L., , Cy,, A2), (Ley, Chyy A2), (Leg, Chy, A2).
The proof is complete.
Theorem 3.3 The non-equivalent 3-Lie bialgebras of the types (Lc;,Ce,) for
1 <4,k <3 are as follows:

(Lcl, OclaAl) Al(eg) —=eq Nep Neg, A1(€4) es3 N\ ey N eg;

(Lcl, Cc3, Ag) Ag(eg) =e3/Nep N\eg, A3(€4) eqs Nep N es;

(Lcl, 0037 A4) A4(61) =e1 Ne3s A ey, A4(€2) ez N\ es N ey;

(Lcl, Cc3, A5) A5(€1) =e1 Neg N\ ey, Ag,(eg) e3 N\ ea N ey;

(ch, Ccl,Aﬁ) Aﬁ(eg) =eq4 Nep N\eg, A6(€4) es3 \ep N es;

(LC2, 0037 Ag) Ag(eg) —=e3Nep Neg, A3(€4) eq N ey N eg;

(LC3,C01,A1) Al(eg) =eq4 Nep N\eg, A1(64) es \ep N es;

(LCS, Ccl,Ag) Ag(el) —=eg Nes A ey, A8(€2) e1 Nes N ey;

(LC3, Ccl,Ag) Ag(el) =e3 Neg N ey, Ag(eg) =e1 N\ eg N ey;

(LCS, 0037 Ag) Ag(eg) —=e3 Nep Neg, A3(€4) eq N ey N eg;

(Lcl,Ccz,AQ) Ag(eg) = aeq N ey N es, A2(64) =eqgNep Nex+e3N\epNes;
(Ley, Ceyy A7) Az(es) = aes Nep Nea, Ag(es) =eg Aep Aea+ ez Aep Aes;
(Leg, Ceyy A7) Az(es) = aeaNer Aea, Aq(es) = es ANep Aea+ezAep Aea, where

a€ Fa#0.

Proof From Lemma 3.1, and Theorem 2.3 in [4], we need to verify that whether
the twelve 3-Lie coalgebras of type C1, twenty four 3-Lie coalgebras of type C5, and
the twelve 3-Lie coalgebras of type C3 which are obtained by permuting the basis
€1, €2, €3, €4, are compatible with the 3-Lie algebra L., ¢ = 1,2, 3 respectively.

By a direct computation, only the cases (11) and (12) of the type C.,, the cases
(21), (22), (23) and (24) of the C., and all the twelve cases of the type C., are
compatible with the 3-Lie algebra L., respectively. By the following isomorphisms
of 3-Lie algebra f : L., — L;:

(Leys Cey) :(11) = (12) = f(e1) = ea, f(e2) = ex, f(e3) = e3, f(ea) = es;

(Ley, Coy) = (21) = (22),(23) = (24) = f(e1) = e2, fle2) = e, f(e3) = e3, f(ea) = e4;
(21) = (24),(22) — (23) : f(e1) = ez, f(e2) = —e1, f(es) = eu, f(ea) = e3;

(Ley, Ces) = (3) = (4) : flea) = e, f(ea) = ea, f(e3) = —es, flea) = —eu;

(1) = ( ), (3) = (9),(4) — (10) : f(e1) = ez, f(e2) = —e1, f(e3) = e, f(ea) = e3;

B) = (8),(4) = (7),(5) = (9),(6) = (10),(11) — (12) : f(er) = ez, f(e2) =
e1, f(e3) = e3, f(es) = ey,

and the derived algebra Lil = Fey1 + Feo, we get the non-equivalent 3-Lie bialgebras
(Ley s Ceyy, A1), (Ley, Coyy, Ag) and (Le,, Cey, Aj), 5 = 3,4,5.

Second, by the similar discussion to the above, only the cases (11) and (12) of
the type C,,, the cases (21), (22), (23) and (24) of the type C¢,, and the cases (11)
and (12) of the type C, in Theorem 3.5 are compatible with the 3-Lie algebra Le,,
respectively. By the 3-Lie algebra isomorphisms f : Lo, — L¢,:

(Leys Cey): (11) = (12) = f(e1) = ex, f(ea) = ea, f(e3) = —eu, f(ea) = e3;
(Leys Cey): (21) = (22),(23) — (24) = f(e1) = ez, fle2) = Vaer + J=ea, f(e3) =

e3, fes) = eq;

1) —
2)
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(21) = (23) : fle1) = ez, fle2) = Vaer + zea, f(es) = vV=Teu, f(ea) = v~ Tes;

(Ley: Cey): (12) = (11) 2 fler) = e, flez) = Vaer + e, fles) = ea. Fles) = ex:
we get the non-equivalent 3-Lie bialgebras (Lc,, Ce,, Ag), (Ley, Ceyy A7) and (Le,,
Cey, A3).

Lastly, we discuss the compatibility of 3-Lie coalgebras of the type C,,, C., and
C., with 3-Lie algebra L.,. By a direct computation, the twelve cases of the 3-Lie
coalgebras of the type C¢,, the cases (21), (22), (23) and (24) of the type C.,, and
the cases (11) and (12) of the type C¢, in Theorem 2.3 [4] are compatible with 3-Lie
algebra L.,, respectively. Thanks to the derived algebra L(lj3 = Fey + Fes and the
following 3-Lie algebra isomorphisms f : Ley, — Le,:

(Leg; Cey): (1) = (2),(3) = (4) = fler) = e, flea) = —ea, f(e3) = e3, f(ea) = e
(3) = (8), (4) = (7) : f(e1) = ea, fle2) = e, f(e3) = €3, f(ea) = eu

(3) = (5), (4) = (6),(7) — (10), (8) = (9), (11) = (12) :

fler) =er, fe2) = e, f(e3) = eu, f(ea) = —e3;

(Les, Cey): (21) — (22),(23) — (24) :

fle1) = —e1, f(e2) = ez, f(e3) = e3, f(ea) = ey;

(21) — (24) : f(el) = el,f(eg) = ea, ( ) \/_64, ( ) = \/—_163;

(Les, Ccy) (11) = (12) 1 fle1) = €2, f(e2) = ex, f(e3) = e3, f(ea) = eu;

the non-equivalent 3-Lie bialgebras are (Le¢,, Ce,, A1), (Leg, Cey s Ag), (Ley, Cey s Ag),
(Leg, Ceyy A7) and (Leg, Cey, As). The proof is complete.
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