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Bialgebra structures on simple 3-Lie algebra
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Abstract

The bialgebra structure on the finite dimensional simple 3-Lie alge-
bra L. over the field of complex numbers is studied. It is proved that

there exist only three non-equivalent bialgebra structures on L., which
are (Le,0), (Le, Cey, A1) and (Le, Cey, Ag).

2010 Mathematics Subject Classification: 17B05 17D30
Keywords: 3-Lie algebra, 3-Lie coalgebra, 3-Lie bialgebra.

1 Preliminaries

Authors in paper [1] provided 3-Lie algebrs, and then bialgebra structures on
the 4-dimensional 3-Lie algebras Ly, L., Ly are discussed [2, 3, 4, 5, 6]. In this
paper we discuss bialgebra structures on the finite dimensional simple 3-Lie
algebra L. [7] over the field of complex numbers.

W. Ling in paper [8] proved that there exists only one finite dimensional
simple 3-Lie algebra over the complex field, that is the simple 4-dimensional 3-
Lie algebra. Suppose L is a 4-dimensional vector space with a basis eq, €9, €3, €4.
Then L is the simple 3-Lie algebra in the multiplication p. : LA LA L — L:

fe(e2, €3, e4) = €1, fle(€1, €3, €4) = €a, (€1, €2, €4) = €3, fte(€1, €2, €3) = €4,

and which is denoted by L.
A 3-Lie coalgebra (L,A) [1] is a vector space L with a linear mapping
A:L— L®L® L satisfying
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() Im(A)CLALANL, (2)(1 —w; —wy —w3)(1®1®A)A=0
where 1 is the identity, linear maps wy, wo, w3 : L& — L% satisfying identities
w1($1®$2®1’3®1’4®l’5) =T3Q024 QT Ty X s,
Wa(T1 @ T2 @ T3 QT4 R T5) =Ty @ T5 QT @ T2 @ T3,
Wi(T1 @ T2 @3 QT4 @ T5) = 05 QX3 Q1 ® Ty @ Xy.

A 3-Lie bialgebra [1] is a triple (L, i, A) such that
(1) (L, p) is a 3-Lie algebra with the multiplication p: LA LA L — L,
(2) (L,A) is a 3-Lie coalgebra with A: L — LA LA L,
(3) A and p satisfy the following identity, for z,y, u,v,w € L,
Ap(z,y, z) = adP (z,y)A(2) + adP) (y, ) A(x) + adP) (z, ) A(y),
where ad?)(z,y), ad®(z,z), adP)(y,2) : L& L® L — L ® L ® L are linear
maps defined by (similar for ad(?)(z, z) and ad( (y, z))
adP (z,y)(u® v @ w) = (ad,(z,y) @ 1@ 1)(u® v @ w)
+(1®ad,(z,y) @) (u@vw)+ (1®1®ad,(z,y))(u® v w)
=z, y,u) VW +u® pu(r,y,v) dw+u v u(r,y,w).

Let V be a vector space, A : V — V ® V ® V be a linear mapping,
V* be the dual space of V' and A* be the dual mapping of A. Then for all
f € V*,l'l,l'g,l’g eV, <A(f) T & To @ l’3> <f A* (1'1,1’2,113'3»

We give the classification of 4-dimensional 3-Lie coalgebras.

Lemma 2.1 [1, 9] Let (L, A) be a 4-dimensional 3-Lie coalgebra with a
basis ey, es, e3, e4. Then L is isomorphic to one and only one of the following
possibilities: C,. (L, A,) is trivial;

Ch,. Ay () =2 N Nets Gy, Apy(e') =et Ne? Ae?;

C.. Ay (e)y=e2nednet, A (e?) =e' Ned Aet

C’C2 ALy =ae’ Aed Net A, (e?) =2 Ned Net + el Ned A et
A ey =e' Nt Net A (e?) =2 Aed Ael;

C’d Ad(e y=e2 A3 Net, Ag(e?) = el Aed Aet, Ag(ed) = el Ae? Ael;
Acet)y =2 ned Net  Ae?) =et Aed Aet  Al(e?) = et Ae? Aet
Ae(e )=¢e' Ae* Ae3, where a € F,a # 0.

For convenience, in the following, for a 3-Lie bialgebra (L, u, A), if the 3-
Lie algebra (L, u1) is the case (L, p.), and the 3-Lie coalgebra (L, A) is the case
(L,A.,) for example, then the 3-Lie bialgebra (L, ., A.,) is simply denoted
by (Le, C,,), which is called the 3-Lie bialgebra of type (L, C,,).

2 Bialgebra structures on L,

For a given 3-Lie algebra L, in order to find all the 3-Lie bialgebra structures
on L, we should find all the 3-Lie coalgebra structures on L which are com-
patible with the 3-Lie algebra L. Although a permutation of a basis of L
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gives isomorphic 3-Lie coalgebra, but it may lead to the non-equivalent 3-Lie
bialgebras.

Theorem The only bialgebra structures on the finite dimensional simple
3-Lie algebra L. are (L, Ag), (where Ag = 0: L — L®3), and (L., C.,). And
the non-equivalent 3-Lie bialgebras of the type (L., C.,) are as follows:

(Le, 0037 Al)Alel =e1 A €3 N €4, A162 =ey A €3 VAN €4;

(Le, 003, Ag) A261 =€ VAN €9 N €4, A263 = €3 N €9 N €q.

Proof It is clear that 3-Lie algebra L. is compatible with coalgebra (L, Ay),
where Ag = 0: L — L®3. From Lemma 2.1, by means of permutating a basis
of L, we obtain the twelve isomorphic 3-Lie coalgebras of type C., as follows:

(1) A(e1) = e1 Neg Aeg, Aes) = ea Aes A ey;
(2) A(er) =e1 ANeg ANes, Alea) = ex Aeg Aes;
(3) A(er) =e1 ANea Aeg, Aleg) = ez A ey A ey;
(4) A(e1) = e1 Neg Aes, Ales) = ez A ey A es;
(5) A(er) =e1 Aeg Aea, Ales) = eq Aeg A es;
(6) A(er) =e1 ANea Aes, Ales) = eq A ea A es;
(7) Aes) = ea Neg ANep, Ales) = ez Aeg A e
(8) Aes) = ea Nep Aey, Aleg) = ez Aep Aey;
(9) A(eg) =ea Aeg Aep, Aley) = ey Nesg Aey;
(10)A(ez) = e Nep Aes, Aleg) =eq ANey A es;
(11)A(e3) = e3 Aep Aes, Aleg) = eq A eg A es;

(12)A(€3) — €3 N eg A €1, A(64> =e4 Neg A eq.

By a direct computation, the above twelve 3-Lie coalgebras are compatible
with the 3-Lie algebra L., So we get 3-Lie bialgebras (L., C.,,A). By the
following isomorphisms of the 4-Lie bialgebras

(1) = (5) = fler) = —ea, f(e2) = €1, fles) = €2, f(ea) = —es;

(11) = f(er) = es, f(e2) = ea, f(es) = €1, f(ea) = e2;

(9) 1 fler) = ez, fea) = e, fles) = eq, flea) = —e3;

(2), (11) = (12) : f(er) = e1, flea) = —e€2, fes) = —es, flea) = e;
(8), (2) = (7) = f(er) = —es, flea) = €2, fles) = ex, flea) = ey

(4), (5) = (6), (9) — (10) :

= —ey, f(ea) = —eq, fe3) = e3, f(ea) = eu;

we get the non-equivalent 3-Lie bialgebras of type (L, Ce,) are (Le, Cey, A1)
and (Le, Cey, Ag).

Now we prove that there does not exist 3-Lie bialgebra of type (L., Cy).

First, we prove that there does not exist 3-Lie bialgebra of type (Le, Cy, ).
By Lemma 2.1, by means of permutating a basis of L, we obtain the eight
isomorphic 3-Lie coalgebras of type Cp,:

(1) A (61) = 62/\63/\64; (2) A(€1> = 62/\64/\63,; (3) A(€2> = 61/\64/\63;

(4) A(eg) =e N €3 A €4, (5) A(eg) =e1 Neg A €4, (6) A(eg) =e1 Neg A\ €9;
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(7) A(64) = €1 N €9 VAN €3, (8) A(64) = €2 VAN €1 N €3.
By a direct computation, the above 3-Lie coalgebras are incompatible with the
3-Lie algebra L.. Therefore there does not exist 3-Lie bialgebra (Lg, Ch, ).
Second, from Lemma 2.1, we have twenty four isomorphic 3-Lie coalgebras
of the type Ch,:

1) ( ) = €1 A €9 N €3, (2)A(61) = €1 A €9 A €4, (3)A(61) €1 N €3 A €4;
4)A( ) = €1 A €3 N €2, (5)A(61) €1 A €4 A €2, (6)A(61) =€ N €4 A €3]
7)A(€2) = €9 A €1 N €3, (S)A(eg) €9 A €1 A\ €4, (9)A(62) €9 N €3 A\ €4;

( (e2) = ex Nea Aer; (12)A(eg) = ez A ey A es;
3) = €3 A €1 A €2, (14)A(63) = €3 A €1 N €4, (15)A(63) €3 N €9 A\ €4,
63) €3 A €9 A €1, (17)A(63) €3 A €4 N €1, (18)A(63) — €3 N €4 A\ €9,
)

€4 —64/\61/\627 (QO)A( )—64/\61/\63;( )A( 4):64/\62/\63;
2)A(es) = ea Nea Ner; (23)A(es) = es Aeg Aer; (24)A(es) = es Aez Aes.

By a direct computation, the 3-Lie coalgebras of the type C}, are incompatible
with the 3-Lie algebra L.. Therefore, there does not exist 3-Lie bialgebras of
type (LEa Cb)

Thirdly, we prove that there does not exist 3-Lie bialgebra of type (L., Ce).
By the similar discussion, we have six isomorphic 3-Lie coalgebras of the type
C,:

D
D

)
13)A(e
16)A

)

(
(
(
19)A(

l>

(
(
(
(10)A(eg) = e Aez Aeq; (11)A(e
(
(
(
(2

(1) A(el) €9 N €3 VAN €4, A(EQ) = €1 A €3 A €4, A(63) = €1 A €9 AN €4,
A(64> =e1 Neg A\ €3]

(2) A(61> =e A €3 VAN €4, A(62> =e1 A €3 VAN €4, A(eg) =es ANep A €4,
A(64) = €2 N €1 AN €3,

(B)A(el) — €9 VAN €3 N €4, A(62) = €3 VAN €1 N €4, A(63) — €2 VAN €1 N €4,

= €2 N €4 A €3, A(62> =€ N €4 A €3, A(eg) = €9 A €1 N €4,

(6) A(61> =e9g Neg N\ €3, A(62> =ey4 N €3 VAN €1, A(eg) =ey ANeg N €1,
Aey) = ex Neg Aey,
are incompatible with the 3-Lie algebra L.

Lastly, by completely similar discussion, we can prove that there do not
exist 3-Lie bialgebras of types (L., C.,), (Le,C.,) and (L., Cq). We omit the
similar computation. The proof is complete.
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