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Abstract

This paper deals with anisotropic integral functionals of the type
Z(u; Q) = / f(x, Du(x))dz.
Q
We present a monotonicity inequality on the density f(z,&) with weight,

which guarantees global boundedness of minimizers v with gradient con-
straints.
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1 Introduction and Statement of Results.

Let 2 C R™"(n > 2) be a bounded domain. For py,---,p, € (1,+00), we let
n -1
p = <l > i) and p, = ;% be the harmonic mean of py,---,p, and the

n 4 pi
Holder corlljugate of p;, respectively.
For every i € {1,---,n}, we let v; to be a function on € such that v; > 0
a.e. in 2 and ]
v, € L, .(Q), ~ e LY®=D(Q). (1.1)
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Denote by WH®) (1, Q) the set of all functions u € L'(Q) such that v;| DulP €

LY(€2). The norm for u € Wh®:) (1, Q) is defined by

- 1/pi
o = [ Juldz+ 3 ( [ ilDiapds)
@ i=1 O

It is known, by the second inclusion of (1.1), that the set Wh®)(v Q) is
a Banach space with respect to the norm || - ||1,,),. Moreover, by virtue
of the first inclusion of (1.1), we have C5°(Q2) € Wh®) (v, Q). We denote

by Wo'®)(1,Q) the closure of the set C3°(Q) in the norm of Wh®)(y, Q).
The set Wol (P i)(y, ) is a reflexive Banach space with respect to the norm
induced by || - [[1,p),- We denote by Wh®)(w, Q RY) the set of all vec-
tor valued functions u = (u',---,u") such that for every j € {1,---, N} we

have v/ € Wh®)(y, Q). In particular, Wh®)(Q), Wy P9 (), W) (Q, RN)
and Wy (Q, RN) stand for the special cases of Wh®) (1, Q), W) (1, Q),
Wh®) (v, Q,RY) and Wol’(pi)(u, Q,RY) with 1; = 1,7 =1, -, n, respectively.

For a vector m = (my,---,m,) € R" with m; >0,i=1,---,n, we set
-1
" 1+m; )
qm =N -1
5

We consider the anisotropic integral functional
Z(w;0) = | f(w, Du(x))dz, (12
Q

where f: Q x R¥*" — R is a Carathéodory function. We assume that there
exist a constant p > 0 and a function M (x) € L"(2), r > 1, such that

f(x7A> +/~LZM‘A@' — A,

i=1

P f(x, A) + M(x) (1.3)

for every pair of matrices A, A € RV*™ such that there exists a row 8 with
AP = 0 and for every remaining row o # 3 we have A* = A®

We let ¢ : © — R be a nonnegative function and u, € W5h®)(w, Q, RY) be
such that |Du.(z)| < p(z), a.e. Q. We assume that for every z € Q,

K(z) = {€ € R 1 [¢] < ()}
We define
V(us, K) = {v € uy + Wy (w, Q,RY) : Dv(z) € K(x) for a.e. z € Q}.

It is obvious that Du,(x) € K(z) for a.e. x € Q. Therefore, V(u,, K) # 0. Tt
is easy to see that the set V(u,, K) is convex and closed in W®)(w, Q, RY).
The main result of this paper is the following theorem.
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Theorem 1.1 Letm € R", and let the following two conditions be satisfied:
(a) for every i € {1,---,n} we have m; > 1/(p; — 1) and 1/w; € L™ (Q);
(b) qm > P

We consider the integral functional (1.2) under the monotonicity inequality
(1.3). We let u € WH®) (w, Q, RN) be such that

ueV(u, K), (1.4)
Vo € V(uy, K /f x, Du(x))dzx < / f(z, Dv(z))dz. (1.5)

Then, for every component u® of u, we have
ia%f u?(z) — ¢, <ul(x) < s(;g) u?(x) + ¢, (1.6)

for almost every x € 2, where

Y

1
C* = C <—||M||LT(Q)>Z, |Q|[ 1__ ___ ]fhn 2( ) [(1 1)qm 1] '
W

where || is the n-dimensional Lebesque measure of Q, and ¢ and pu are the
constants from (2.1) and (1.3), respectively.
Remark 1.2 We refer the readers to [1-6] for some related results.

A model density f for the monotonicity inequality (1.3) is given in the
following.

Theorem 1.3 For every i = 1,---,n, let us consider p; > 2 and a; > 0;
we take m(x) > 0, a.e. x € Q. Let us consider f : Q x RN*™ — R defined as
follows:

" 1
A) = CLZ'VZ'|AZ‘ pi + m(x)h (7) s
; 1+ || Al
where

4] = (Tr(a4)" (ZZA“)W

i=1j5=1

is the Hilbert-Schmidt norm of the matriz A = (Al), and h(x) : (0, +00) — R
1s a Lipschitz continuous function:

(1) — h(ts)| < Clt, — ta], Vi1, t2 > 0. (1.7)

Then the monotonicity inequality (1.3) holds true with p = 11£11<n {a;} and
M(x) = Cm(x), where C' is the constant in (1.7). o
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2 Proof of Theorems 1.1 and 1.3.

In order to prove Theorem 1.1, we need two preliminary lemmas.
The following lemma is the Sobolev Imbedding Theorem with weight, which
comes from [7, Proposition 2.1], the proof can be found in [8].

Lemma 2.1 Let m € R", and let the following conditions be satisfied: for
every i € {1,---,n} we have m; > 1/(p; — 1) and 1/w; € L™ (). Then
Wy (w, Q) € L (Q), and there exists a positive constant ¢ such that for
every function v € Wy (w, Q),

1/gm n
de < / ZD’L
(] lotmaz) —CL{(W v

The next lemma comes from [9, Lemma 4.1].

1/np;
Pidx> . (2.1)

Lemma 2.2 Let x : [to, +00) — [0,+00) be non-increasing. We assume
that there exist C',a > 0 and b > 1 such that

to<t<T = x(T)< T t)a[X(t)]b-

Then it results that
X(to + d) = O,

where )

d = [0 (x(t))" 275"

Proof of Theorem 1.1. As in the proof of Lemma 2.1 in [1], we define Ig; :
RN — R" as follows:

\V/y = (yla U >yN) € RNa Iﬁ,t(y) = (Ié,t(y)a lg,t(y)a ) Ié\,ft(y))

with
a () — ) Uh aFp
T5aly) = { y? At =min{y? t}, a=p.
For u € V(u., K), we need to show that Ig;(u) € V(u., K). In fact, it is

obvious that I5,(u) € u, + Wol’(pi)(w, Q,RY); in order to show that DIs(u) €
K(z), it is sufficient to derive |DIg(u)(z)| < K(x). This is true because

o . Diuaa « 7& ﬁ>
DiIB,t(u> = { Diuﬁl{uﬁgt}a a =5, (2.1)



Global boundedness for vector valued minimizers 501

where 15 is the characteristic function of the set B, that is, 15(z) = 1ifz € B
and 1g(x) = 0 otherwise.

Our next goal is to show that, for every u = (u*,u?,---,u") € WH®) (w, Q,RY),
for any 5 € {1,2,---, N}, for all t € R, the following inequality holds true

Pide < I(u)+ M(x)dz. (2.2)

{uP>t}

Z(0ps(w) + 13 [, Do) ~ D

Indeed, on {z € Q : v’ > t} we have D(Ig,t(u)) = 0, and for a # f,
D(Ig,(u)) = Dyu®; so we can apply (1.3) with A = D(Ig4(u)) and A = Du;
we obtain

n

f(z, D(Ig4(u))) + M;wﬂDi(I@t(U)) — DulP* < f(z, Du) + M(x)  (2.3)
forx e {reQ:u’ >t} On{z e Q:u’ <t} D(Is,(u)) = Du, thus
P, D(Ls(w))) + S wi Dy L5 () — D

i=1

Pide = f(x, Du) (2.4)
for v € {z € Q : v? <t}. From (2.3) and (2.4) we have

f(z, DIga(u))+p Y wilDi(Is,(u)) — Diu
i=1
Since Z(u) < +o0, then f(z, Du(x)) € L*(Q), thus f(z, DIg.(u)) € L*(Q) too.
Integrating (2.5) with respect to x, we get (2.2).

Let us fix 8 € {1,2,---, N}. If supyq, u?(x) = +o00 then the right hand side
of (1.6) is satisfied. Thus we assume supyq u (1) <ty < t < +00 and we note
that under this assumption Ig,(u) € u + W, (w,Q,RY) and D;(I5,(u)) €
LPi(w, Q,RY), i € {1,---,n}, this is because

P < f(w, Du)+ M(2) Ly (2.5)

u’ At =min{v’ t} = v’ — [max{u® —t,0}] = v’ — [(v’ —t) VO] =u" — ¢,
where ¢ = max{u® —t,0} = (u’ =) V0 € Wy (Q) and D;¢p = Du’ - 11,654y €
LPi(w;, Q), i=1,2,---,n. From (1.5) and (2.2) it results that

Z(u) <Z(Ige(u)) < Z(u) —ui/ﬁwﬂDi(I@t(u)) — DyulPidr + M (z)dz,

{uf>t}
from which we derive

. . h|Pi — ) ) o L IDi
ny | wiDiglda D> [ wdDlla(w)) = Daupde < [ ()
(2.6)
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If r < +o00, we apply Holder inequality and we get
/ M()dz < [|M]| o[ {u” > £}
{ub>t}
If r = 400, then
_1
fopny M@e < Mm@ > ] = Moy > 12,
In both cases, from (2.6) it results that
Z/ wi|Dz‘¢
=174

We apply Lemma 2.1 and we get

</ |uf — t|q’”d:c>

{uP>t}

. d 1/‘1m . d 1/Qm 27

- (/{u%t}w x) = ([ I¢[mdz) (2.7)

n 1/np; Ml ;- L 3

([ wiparar) ™ < o (Pl o gty
i=1

For T' > t we have

M|
1

1/gm

IN

(T — )| {u® > T}| = / (T — )i da
{w?>T} (2.8)
< (WP — t)imde < / (WP — 1) dz.
{uf>T} {uf>t}

From (2.7) and (2.8) we get

q

M]|| .- P 1 m
“ ““‘”) o > 0

i

1) < o

m

for every Tt with T > t > to. We set x(t) = |[{u® > t}|, C = ¢im (”M”+(m) "
a=¢quandb=(1- %)%’”. We use Lemma 2.2 and we get [{u” >ty +c.}| =0,
that is, u® <ty + ¢, almost everywhere in ), where

1

o =c <||M||Lf<m>p Qla-bB -tz gu-bmla-hm—] ™
i

In order to get the right hand side of (1.6), we take a sequence { (o) }m With

(to)m — Supyg u’. We apply the right hand side of (1.6) to —u and we get the

left hand side of (1.7). This ends the proof of Theorem 1.1.
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Proof of Theorem 1.3. We assume that A, A € RV*" with A? = 0 and A~ = A~
for v # 3. Then

STIAYP =3 1AY — AYP + YA

Thus . .
| Al = |A;s — Ai)* + A%

The conditions p; > 2, ¢ =1,---,n, imply

|AilPi > Ay — AP+ | AP
Thus
A ; . - 1A _ A.|Pi
flz, A)+ 1r%lilgnn{b,} ; w;|A; — A;
n _ 1 n -
; 1+ || A] ;
n 1
%; LqMH 1 1
_ biwiAipiquxh(i)erx [h<7>—h<7>]
2 ba @\ an) @ )
1 1
< f<x,A>+cm<x>|

LA LA
= f(z,A) 4+ Cm(z) <
< f(z, A) + Cm(z).

)
(1 + 1A + [[All)

Thus the monotonicity inequality (1.5) holds true with p = 1r£1i<n {a;} and
M(z) = Cm(z). o
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