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Abstract

This paper deals with three new generalized ceiling density functions,
their distribution functions and moments. Graphical representations of
the density and distribution functions are also given for various values of
the parameters. The distributions functions, for the two corresponding
generalized floor density functions given earlier, are also derived and
represented graphically for various values of the parameters. Expression
for moments are also given.
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1 Introduction

In this paper, three new generalized ceiling distributions are introduced and their
distribution functions and moments are derived. The density and distribution func-
tions are graphically shown for various values of the parameters.

The distribution functions and moments for the corresponding two generalized
floor distributions given earlier in [1] are also derived. The distribution functions
are graphically represented for various values of the parameters.

2 Generalized Ceiling Distributions

This section deals with three generalized ceiling distributions. A few properties and
graphical representations of the density and distribution functions are also given.
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2.1 Generalized Ceiling Distribution - 1

The generalized ceiling distribution g¢;(z) of a random variable X, for z > 1, is
defined by

g1(x) = di(a, b)x_“eb”mﬂ, (1)

with £ > 1,a > 1 + b, where

(a—1) (1 —e(a=1-0)
el (1(— e~(a=1) ) ' (2)

dl (CL, b) =
The constant dj(a,b) is determined from

1 = dl(a,b)/ 2% gy
1

= dl (a7 b) /OO 67(a71)y+b{y—| dy,
0
by substituting Inx = y. Thus,

[e.e]

n+1
1 = dia b)Zeb("H) / (oD

n

o di(a,0) S pns) [ (@) (nt1) o—(a=1)n
T 1-a Z ¢ [

B dl(a,b)eb (e (a=1) _ 1) 3)
= G-a -Gy

Hence (3) implies (2). The r-th moments about the origin is given by

d1 (a, b)

B(XT) = di(a —r,b)’

r<a-—1-—0. (4)

The expression for mean, variance, kurtosis and skewness may be obtained from
(4). The distribution function Gi(x) is given by

Gi(z) = dl(a,b)/ 2=l gy,
1

Inz
= dl(a,b)/ e~ (a=Dy+blyl gy
0

[lnz]—2 n+1 Inz
— dl (a’b) Z 6b(n-‘rl)/v e—(a—l)ydy + eb]'lnz'\ /” . 6_(a_1)ydy ’
n=0 n nr|—

thus,
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1—a 1 — e—(a—1-b)

b(e—(a=1) _ 1) (1 = ¢—(a—1-b)([lnz]-1)
Gi(z) = di(a,b) (e (e )(1—e ))

bl
di(a, b)eblme] (e—(afl)ln:c B ef(afl)([lnx]fl)) (5)
1—a

for x > 1, a > 1+ b, where di(a,b) is given by (2). The density g¢i(z) and the
distribution function G1(x), for some values of the parameters a and b, are plotted
in Figure 1.

2.2 Generalized Ceiling Distribution - II

We define the generalized ceiling distribution go(x) of a random variable X, for
z >0, as
g2(x) = dy(a, b)z % bl 4 5 0. (6)

The constant da(a,b) is obtained from

1 o
_ / p—agbllnal] g,
0

d2(a7 b)
_ / ety g,

= / e—(a—l)y—bhﬂdy_i_/ ela=Dy=blyl gy,
0 0

1 n 1
dl(aa _b) d1(2 —-a, _b)’

where dj(a, b) is given in (2). Thus,

_ di(a,—b)d1(2 —a,—D)
ds(a,b) = dl(la, =) +1dl(2 T b)) (7)

for 1 —b < a <14 b. The r-th moments about the origin is given by

dg(a, b)

P =y

fora-—1-b<r<a—-1+%b.
The corresponding distribution function Ga(z) is obtained from

Go(z) = dg(a,b)/ g% bl gy
0

Inx
~ do(a,b) / e~ =Tl gy,

—00

Thus, Ga(z) is obtained separately for the following two cases:
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(b) Left: a =2.5 and b =0.5. Right: a=4 and b=1

Figure 1: Plots of ¢;(x) and G;(z) for some values of the parameters a and b.
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e Subcase 1: = > 1;
e Subcase 2: 0 <z < 1.
Subcase 1: = > 1
For x > 1, G2(z) is given by
0 Inx
Golz) = doa,b) [ / o Dye0llyll g, 4 / o~(a- Dy by] dy}
— 00 0

[e'S) Inx
= d2(a7b) |:/ e(a—l)ye—b[y]dy_‘_/ e—(a—l)ye—bl—y-|dy:|
0 0

= da(a,b)[; + L], (9)
suppose. Now,
o n+1
Il — Ze_b(n+1)/ e(a_l)ydy
n=0 n
e b (e“_l — 1)
= , b>a—1, 10
(a—1) (1 —e-(b=atD)) @ (10)
as done in earlier subsection, and
[lnz] -2 n+1 Inz
L o= 3 ety / @Dy gy 4 ~blina] e~ (@D
n—0 n [inx]—1
e~ b (6—(a—1) _ 1) (1 _ e—(a—l—l—b)(flna:-\—l))
= (1 _ a) (1 . e—(afler))
e—bﬂnm] L
—a _ _—(a—1)([lnz]-1)
+ s {x e } , (11)

as done in earlier subsection.
Subcase 2: 0 <z <1

In this subcase,

Ga() = da(a, b) / Dbl gy = dy(a, b)Is,

—Ilnz
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suppose. Here,

00 —Ilnz
L = / (@Dl gy, / ( We(afl)yefbmdy
(

|

(12)

—Ina] —Inx
o n+1 [—inz]
. eb(n+1)/ e(@=Dy gy 4+ e=bl—ina] / eV gy
n=[—lnz] n —lnx
B i bt [e(al)(nJrl) _ ela=D)n g [e(al)mn:ﬂ _ pla=1)(=Ina)
N a—1 a—1
n=[—Inz]
_ 1 —b (_a—1 = —(b—a+1)n —b[—Inz] (a—1)[—Inz] (a—1)(—Inx)
= 1€ (e —1) Z e +e (e —e )
n=[—lnz]
e~ b (ea—l _ 1) 1 1— e—(b—a—i—l)f—lnx]
- a—1 1 _e(-atl) | _g-(b-at))
efb[flnx]
c A (a=1))[=lnz] _ _(a—1)(—Inx)
* a—1 (e ¢ ) ’

for b > a— 1. For some values of the parameters a and b, go(x) and Ga2(x) are shown
in Figure 2.

2.3 Generalized Ceiling Distribution - II1I

The generalized ceiling density function gs(z) of a random variable X, for —oco <
T < 00, is given by
g3(x) = d(a, b)|a| e M, (13)

for —oo < x < 00,1 —b< a<1+b. This is a symmetric density about the origin.
The constant ds(a,b) is obtained below. We have

1 % —a,—blinfz|]
p— d
da(a,b) [l g

_ 2/Oo$—a6—b[|lmcﬂdx
0

_ 2
a Clg (CL, b) ’
using (6). Thus,
da(a,b
di(a,b) = 200 (14)
It is easy to see that
B(X") = dgd(Qa(a—’f,)b)’ for r even integer, and a—1—-b<r<a—1+0 (15)
0, for r odd integer.
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Figure 2: Plots of ¢g2(x) and Gy(z) for some values of the parameters a and b.
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The distribution function G(x) is given by

Ga(w) = dlab) / (2]~ 0llimll] g

% +ds(a,b)l,, = >0, (16)
+ —ds(a,b)l;, z<O0.
where
xr
I = / el gy,
0
_ L+, z>1, (17)
I3, O0<x<l.

with Iy, Is and I3 given respectively in (10), (11) and (12). The density and distri-
bution functions are shown in Figure 3 for some values of the parameters.

3 Generalized Floor Distributions

In this section, the three generalized floor distributions given earlier in [1] are men-
tioned. The moments about origin and the distribution functions are obtained for
the second and third generalized floor distributions. These results for the first gen-
eralized floor distribution are already available in [1].

3.1 Generalized Floor Distribution - I

The density function of the first generalized floor distribution fi(z), as given in [1],
is
fi(x) = Ci(a,b)z— e Plinel, (18)

forx > 1,a > b+ 1, where

(a—1) (eb+1 — e“)'

e—e?

Cl (a, b) =

(19)

For some values of the parameters a and b, fi(z) and Fj(x) are shown in Figure 4.

3.2 Generalized Floor Distribution - II

The second generalized floor distribution, as defined in [1], has the density function
given by
fao(x) = Ca(a, by e PLinall, (20)

fora>0,0>0,1-b<a<1+4+b,0<2x < o0, where

(CL _ 1) (1 _ ea—b—l) (ea+b—l _ 1)

C2(a7 b) = (62((1—1) _ 1) (eb — 1)

(21)
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Figure 3: Plots of g3(x) and G5(z) for some values of the parameters a and b.
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Figure 4: Plots of fi(x) and Fi(x) for some values of the parameters a and b.
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The r-th moments about the origin can be easily obtained as

B(XT) = Cy(a,b)

" Gla ) -

fora—1-b<r<a-—1+5.
The distribution function is given by

Fy(z) = C’g(a,b)/ a~%e bl gy
0

Inz
_ Ca(a,b)/ e~ e=bllsl] gy

—00

Following the procedure adopted for the generalized ceiling distribution Ga(z),
we obtain Fy(z), for z > 1, as

Cola,b) (7079 —1)  Cya,b) (7@ D) —1) (1 — e~ (bra-Dlinal)

FQ(IE) = 0_1 (1 _ ei(bJrlfa)) a—1 (1 — e*(bJrafl))
Cg(a, b)eibuij 1-a —(a—1)|Inz]
e (e ). (23)

forz>1landl—-b<a<1+0b. Also

Cala,b) (¢} — 1) (1 — e~ (-atDL-tnal)

FQ(:U) a—1 1 — e—(b—a+1)
Co(a,b)etmel 1) el
a—1 (3: — e ) (24)

for0 <z <1,and b—a+1>0. fa(z) and Fa(x) are plotted in Figure 5 for some
values of the parameters a and b for 0 < x < oo.

3.3 Generalized Floor Distribution - II1

The third generalized floor symmetric distribution defined in [1] has the following
form

f3(x) = Cs(a, b)|z| e *Hmel), (25)
fora>0,0>0,1-b<a<1l4b,—00 <z < 00, where

(a—1) (1 —e? 1) (eatd=1 —1) _ Cs(a,b)

Cs(a,b) = 26
3(CL, ) 9 (eZ(afl) — 1) (eb — 1) 9 ( )
It is easy to obtain the r-th absolute moments as
. C3(a,b) Ca(a,b)
E(X]") = = (27)

- Cs3(a—r,b)  Cola—r,b)’
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Figure 5: Plots of fy(z) and Fy(z) for some values of the parameters a and b.
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fora—1-b<r<a—1+5.
The corresponding distribution function, F3(z), is given by

F3(z) = Cs(a,b) / || "Ll gy

L4 C3(a,b)I, 0
% + 3((1, ) y &L > ) (28)
5 — C3(a,b)I,, x<0.

where

I = / " et g
0

Inx
= / e~ (e Dze=bll2ll gz (29)

—0o
The values of I, for z > 1 is obtained from the right hand side expression of (23)

by omitting Cs(a,b) and for 0 < z < 1 from (24) by omitting Cs(a,b). The graphs
for f3(z) and F3(x) for some values of the parameters are given in Figure 6.
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Figure 6: Plots of f5(z) and F3(z) for some values of the parameters a and b.
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4 Concluding Remarks

The ceiling and the floor distributions may be heavy-tailed distributions. The study
of these distributions from ”Regular Variation”, Bingham et al. [2], point of view
along with their possible statistical inference analysis and applications will be dis-
cussed in a future paper.

Further possible generalizations, their properties and applications will also be
subject matter for future research.
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