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Abstract

In this paper, we show that every L-fuzzy R-module has an L-fuzzy
projective resolution. Furthermore, we define the notions of functors
F-Tor, and discuss its properties.
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1 Introduction

Since Rosenfield [8] introduced fuzzy groups, many researchers are engaged in
extending the concepts and results of abstract algebra to the broader frame-
work of the fuzzy setting. Negoita and Ralescu [6] introduced the notion of
fuzzy modules. Pan [7] introduced the category of fuzzy modules. Zahedi and
Ameri [1, 11]defined fuzzy projective and injective presentations of a fuzzy R-
module. By using these definitions three functors F-ext, F-ext and F-tor are
presented.

The purpose of this paper is to study the functors F-Tor, we obtain that
every L-fuzzy R-module has an L-fuzzy projective resolution.

Throughout this paper R is a commutative ring with identity, and L is a
completely heyting algebra, which has the least and greatest elements, denoting
0 and 1 respectively. Then an L-fuzzy set p in X is characterised by a map
w: X — L[2].

2 Preliminaries

Definition 2.1. ([7], Definition 1.1) Let A be an R-module. A function g4
is called L-fuzzy R-module if the map p from A to L, satisfies (1) p(z +y) >
Mu(), 1Y)}, (2) plre) = p(x), (3) p(0) =1, for all z,y € A and r € R.
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Definition 2.2. ([7], Definition 1.1) Let s and np be L-fuzzy R-modules,
a function f : pua — np is called an F-homomorphism if f : A — B is an
R-homomorphism and n(f(x)) > p(z) for all z € A.

Lemma 2.3. ([7], Lemma 1.1) The category R-mod(L) of L-fuzzy R-
modules is constituted, as follows:
(1) Obj(R-mod(L)) is the family of all L-fuzzy R-modules.
(2) For any pa,ng € Obj(R —mod(L)), the set of homomorphisms is

Homp(pa,ng) = {f|f : pa — 0z is an F—homomorphism}.
The composition of homomorphisms is the usual composition of maps.

Definition 2.4. Let f : a — mp be an F-homomorphism. 1, is called
the image of f, denoted by I'mf. Further, uy; is called the kernel of f, denoted
by Kerf, where Vo = {x € Aln(f(z)) = 1}.

Definition 2.5. ([10], Definition 3.1) (i) A sequence -+ — fp1, LN

P g, In, M, — of an F-homomorphism is said to be L-fuzzy exact
if and only if Imf,_1=Kerf, for all n.

(i) An L-fuzzy exact sequence 0 — pc ER nB EN s — 0 is called an
L-fuzzy short exact sequence.

Theorem 2.6. ([10], Theorem 3.17) Let 0 — pp ER B EN vpr be an L-
fuzzy exact sequence azzd pa an arbitrary L-fuzzy module. The induces sequence

0 — Homg(pa, ppr) LN Hompg(jia,nB) N Hompg(pa,vpr) is exact if and only
if for any ¢ € Hompg(A, B"), where f.¢ =, ¢ € Kerg,, one has ¢~ - p > p.

Definition 2.7. (/3], Definition 3.1) A nonzero R-homomorphism f: A —
B is called an admissible R-homomorphism if f : 14 — 1 is an F-homomorphism.

Definition 2.8. ([11], Definition 4.1) An L-fuzzy short exact sequence

0 — pc ER np L pia — 0 of I-fuzzy R-modules with an L-fuzzy projective
R-module 7p, is called an L-fuzzy projective presentation of p14. Moreover, it

has the following form 0 — g, N Lop LA pa — 0, where g = X{oy-

Definition 2.9. ([1/, Definition 2.6) For any pa,ng € Obj(R-mod(L)) and

to the L-fuzzy projective presentation 0 — po, ERN Hop EN pa — 0 of pa. We
define

F_tOT%(MA, nB) = Ke?”(f* = f® Lyp t Hoe @rNB — Hop @R nB).
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3 Main Results

Definition 3.1. For any ua,np € Obj(R-mod(L)) and to the L-fuzzy pro-

jective presentation 0 — g, ERN Mop 9 np — 0 of np. We define

F—Tor%(uA,nB) = Ker(1,, ® f:pa®r Noc — HA @R Mop)-

Theorem 3.2. For any pa,np € Obj(R-mod(L)) and to the L-fuzzy projec-

: _— i g - _ i i _
tive presentation 0 — po. — pop, — pta — 0 0f pia, 0 = 1o, = Mo, — N — 0
of ng. If allvy € Hompg(A, B) are admissible R-homomorphisms, then there is
an isomorphism

a: F—Tor%(,uA,nB) = F—tor%(,uA,nB)

Proof. By the third chapter 8th section of [4] there is an isomorphism
B : Torg(pa,np) = torg(1a, ns)-

We show that 3 induces the isomorphism «. Let Blp] = [¢], where ¢ :
C — D and v : A — B are R-module homomorphisms. It is clear that
G ¢ poe — Moy Since ¥ € Hompg(A, B), we have 1 : uy — np is an F-
homomorphism.

Hence, the map « satisfies a[p] = [¢)].

Definition 3.3. An L-fuzzy projective resolution of s € Obj(R-mod(L))

. d d : _— .
is an exact sequence Op : --- — O, =2 015, = Oop, = pua — 0, in which
each 0,, is an L-fuzzy projective R-module.

If ©p is an L-fuzzy projective resolution of p4, then its deleted L-fuzzy

projective resolution is the L-fuzzy complex ©p, : -+ — s LN 015, 4,

HOPO — (_]

Theorem 3.4. For any s € Obj(R-mod(L)), ua has an L-fuzzy projective
resolution.

Proof. There is an L-fuzzy projective module 901»0 and exact sequence
0 — by, Zo, Oop, 55 jua — 0, where 0ox, = Keré. Definition 2.8 implies that

it has the following form 0 — yq, o fop, S5 ja — 0, where o = X{0}-
Similarly, there is an L-fuzzy projective module 60y, , a surjection & :

015, — oy, and an exact sequence 0 — 6y, o, 015, SN fio,, — 0. Splic-

ing these together, we can define d : [op, — Hop, to be the composite Qo - &1

This construction can be iterated for all n > 0 and the ultimate exact sequence
is infinitely long. An L-fuzzy projective resolution of p4 has the following form

S = Hop, LEN [op, a, ftop, % jia — 0. The result holds. O
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Definition 3.5. Let T' = —®pzng, and FTorf(— ng) = L"T. If an L-fuzzy

projective resolution of p4 is Op : -+ — [0p, LN Hop, N Hop, = Ha — 0,
then

F_TOT (a,nB) = n(@PMA QR NB) = Ker(dn ® lnB)/[m(CZn-I-l ® 1773)7

where d,, ® L,y € Homp(r)(pop, ® 8, Hop, ,, @ Ng) -

Theorem 3.6. If ji4 is an L-fuzzy projective R-module, then F~Tor®(j4,np) =
0 for all L-fuzzy R-module ng and all n > 1.

Proof. Since pu is an L-fuzzy projective module, - - - — 0 — 0 2% [op, (=
5 = o :
fo,) — pa — 0 is an L-fuzzy projective resolution of 4.
®1 ®1
-—=0—=0 ﬁ to, @r 1B M 0 is a chain complex, therefore
F—TorE(ua,ng)=0(n > 1). O

Remark 3.7. Refer to Theorem 4.5 of [11] and Corollary 6.21 of [9], we
can get that F-Tor(ua,ng) does not depend on the chosen L-fuzzy projective
resolution of 4.

Theorem 3.8. Let -+ — oy, LN Hop, a, o, 5 s — 0 be an L-fuzzy

injective resolution of yia, define g, = Keré and pig,, = Kerd, forn > 1,
we have

F=Torf  (na,ns) = F-Torf (uwe,np) = -+ - = F-Tor{ (i, ,,1B)-
Proof. Let

s flop, Hop, Hop, HA

N TN S

0/”0“\0/“%\0

Since - -+ = pop, N [op, LN Mok, — 0is an L-fuzzy pI‘OJeCtIVG resolution of

da®1y,
[0y, » we have the complex - -+ — 19, ®np — 5 Hop, @M —> 0. By Def-

inition 3.5, we have F—=Torf(ug,,n5) = Ker(do1 @ 1,,)/Im(dpie ® 1,,) =

F—Torf (ua,np). Similarly, --- — [op, LN [op, LEN fio,, — 0 is an L-fuzzy
projective resolution of po, , then

F-Torf (i, 1) = Ker(dy1 @ 1y,)/Im(dnss ® 1,,) = F=Tork | (jua,m5).
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The remaining isomorphisms are obtained by iteration. O
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